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hange is an important
and often predictable
aspect of the world in
which we live. For example,
in the thrill sport of bungee
jumping, the stretch of the
bungee cord is related to
the weight of the jumper.
A change in jumper weight
causes change in stretch
of the cord. Because
bungee jumpers come in
all sizes, it is important
for jump operators to
understand the connection
between the key variables.
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In this first unit of
Core-Plus Mathematics,
you will study ideas and
reasoning methods of
algebra that can be used
to describe and predict
patterns of change in
quantitative variables. You
will develop understanding
and skill in use of algebra
through work on problems
in three lessons.

Lessons
1

Cause and Effect

Use tables, graphs, and algebraic
rules to represent relationships
between independent and
dependent variables. Describe and
predict the patterns of change
in those cause-and-effect
relationships.
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2

Change Over Time

Use tables, graphs, and algebraic
rules to describe, represent, and
analyze patterns in variables that
change with the passage of time.
Use calculators and computer
spreadsheets to study growth of
populations and investments.

3

Tools for Studying
Patterns of Change

Use calculator and computer tools to
study relationships between variables
that can be represented by algebraic
rules. Explore connections between
function rules and patterns of change
in tables and graphs.
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Unit Overview
The intent of this unit, which begins Core-Plus Mathematics Course 1, is to focus
student attention on the variety of types of change inherent in problem situations.
This unit will provide students with a broad picture of patterns of change.
Students will explore linear, quadratic, inverse variation, and exponential patterns
of change throughout the unit. Within this unit there is an effort to make a
distinction between cause-and-effect change relationships and change-over-time
relationships. In the third unit of this course, linear functions will be analyzed
as a class of functions with a specific pattern of change.
Spreadsheets and computer algebra system symbol manipulation are introduced in
Lessons 2 and 3. This content can be omitted without jeopardizing future work.
Since this unit is an overview of patterns of change, mastery is not expected at
this stage. The unit should be completed in under 4 weeks of classes that meet
approximately 50 minutes each day.

Lesson 1 Lesson 1 begins with a bungee jump experiment in which students
review the use of tables and graphs for representing relations between variables.
In Investigation 2, relationships with random variation are explored. This
foreshadows that aspect of Course 1 and gives an example in which the value of y
is not precisely predictable from the value of x by an algebraic rule. Investigation 3
is designed to get a variety of functions on the table early. In general, it is not
expected that students will be proficient at translating word problems into
algebraic rules, but they might be able to use a given rule.
Lesson 2 The second lesson develops students’ understanding and skill in
analyzing situations that change over time. In particular, the iterative perspective
in which one compares the value of a variable at one point in time to the value of
the variable at successive, equally-spaced intervals is introduced.

Lesson 3 The main goals of Lesson 3 are to develop each student’s ability to
express problem conditions symbolically and to use symbolic representations with
appropriate technology to answer questions about situations modeled by several
basic patterns of change. In particular, students will learn to produce tables and
graphs for functions in order to solve equations in one variable.
Lesson 4 Lesson 4, the Looking Back lesson, is intended to give students an
opportunity to synthesize and pull together the main mathematical ideas of the
unit. The concept of “function” is informally defined in this lesson.
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• Begin developing students’ sensitivity to the rich variety of situations in
which quantities vary in relation to each other
• Develop students’ ability to represent relations among variables in several
ways—using tables of numerical data, coordinate graphs, symbolic rules, and
verbal descriptions—and to interpret data presented in any one of those
forms
• Develop students’ ability to recognize important patterns of change in single
variables and related variables

Access and Equity Matters
Research by Boaler (1998; 2000; 2002) and by the Quasar Project (Brown, Stein,
& Favar, 1996) has identified particular teaching practices with curricula such as
Core-Plus Mathematics that promote greater access and equity in mathematics
classrooms. These practices include:
• introducing activities through class discussion,
• teaching students to explain and justify, and
• making real-world contexts accessible by discussing the contexts.
Core-Plus Mathematics offers many opportunities for teachers to incorporate
these practices into daily routines. One such built-in opportunity is the Think
About This Situation used to introduce lessons through discussion. You may
wish to begin investigations in a similar way. Since much of the mathematical
content is based in real-world contexts, it is important that all students
understand the contexts and draw on their own or a classmate’s background
knowledge. Opportunities for students to explain and justify their thinking are
built into all curriculum features. Encourage the habit of mind of justifying
claims.

Technology Tools
This unit provides multiple opportunities for students to explore the use of
spreadsheets and Computer Algebra Systems (CAS) in solving problems. These
tools are available for a variety of platforms—calculator tools, computers, and
handheld PDAs. Core-Plus Mathematics includes Java-based software called
CPMP-Tools, specifically designed to be used with the curriculum.
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CPMP-Tools is a suite of Java-based mathematical software, specifically designed
to support student learning and problem solving in each strand of Core-Plus
Mathematics. The software includes four families of programs: Algebra
(spreadsheet and CAS), Geometry (coordinate and synthetic), Statistics, and
Discrete Math. Each content-area tool includes specific custom tools and
electronic copies of many data sets used in investigations and homework.
Additional information about the course-specific software for Course 1 is
included in the front matter of this Course 1 Teacher’s Guide on page xxi.

CPMP-Tools

Unit 1

In this unit, Investigation 2 of Lesson 2 offers students an opportunity to track
recursive change using spreadsheets. In Investigation 2 of Lesson 3, students
are introduced to CAS technology. Three data sets are included under Statistics,
Data Analysis, Unit 1 for student use.

Developing a Collaborative Classroom
The CPMP curriculum materials have been designed to support learning
through interactive problem-based investigations. In the first investigation, the
modeling bungee jumping exploration lends itself to helping your students get
to know each other in the first days of the school year and to developing
collaborative group behavior guidelines like those below.
• Each member contributes to the group’s work.
• Each member of the group is responsible for listening carefully when another
group member is talking.
• Each member of the group has the responsibility and the right to ask
questions.
• Each group member should help others in the group when asked.
• Each member of the group should be considerate and encouraging.
• Work together until everyone in the group understands and can explain the
group’s results.
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Blackline masters to assist in developing effective collaborative groups are
the first masters in the Teaching Resources. In addition, Collaboration Skill
development suggestions occur at the beginning of selected investigations.
Processing prompts for these skills occur at the Summarize the Mathematics.
Holding students accountable to established group norms and giving them
positive feedback regarding their group’s interaction is particularly important
at the early stages of developing effective working groups.
One way to help students work together effectively is to choose a collaborative
skill on which to focus for a particular investigation. Introduce the skill to the
class by discussing what that skill might look and sound like. Once students have
worked in their groups for a class period, provide a collaborative-processing
prompt that leads to a full class discussion of the particular skill. Collaboration
processing prompts are often provided for your use in the Teacher’s Guide
following the Summarize the Mathematics sections. Additional resources and
guidelines related to inquiry-based classrooms are in the Implementing
Core-Plus Mathematics booklet and on the teacher planning CD.

Promoting Mathematical Discourse
Periodically, you will find sample class discussions for Think About This
Situations (TATS) and Summarize the Mathematics (STM) in the Teacher’s
Resources. These sample discussions may provide some ideas for your class
discussions. In this unit, Promoting Mathematical Discourse scenarios are written
for the TATS on page 3 and the STMs on pages 7 and 30.

Review and Practice
Core-Plus Mathematics includes review tasks in the homework sets. The purpose
of the review tasks is two-fold. Some tasks are just-in-time review of skills
needed in the following lesson. These tasks will be designated by a clock icon in
the margin of the Teacher’s Guide. Some tasks provide distributed practice of
mathematical skills to maintain procedural fluency. These tasks should be
completed outside of class by students. If a few students are identified as needing
additional assistance with specific skills, they should be given additional
assistance outside of class.

Practicing for Standardized Tests
Opportunities for additional review and practice are provided in 8 Practicing for
Standardized Tests practice sets. Each Practicing for Standardized Tests master
presents 10 questions that draw on all content strands. The questions are
presented in the form of test items similar to how they often appear in
standardized tests such as state assessment tests, the Preliminary Scholastic
Aptitude Test (PSAT), or the ACT PLAN. We suggest using these practice sets
following the unit assessment so students can become familiar with the formats
of standardized tests and develop effective test-taking strategies for performing
well on such tests.
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Unit 1 Planning Guide
Lesson Objectives

CPMP-Tools

On Your Own
Assignments*
After Investigation 1:
A1–A3, C9, R14, R15,
Rv21, Rv22

Lesson 2 Change Over Time
• Develop ability to recognize recursive
patterns of change
• Develop ability to use calculators to
iterate stages in a recursive pattern
• Develop ability to write NOW-NEXT rules
to represent recursive patterns
• Develop ability to write and use
spreadsheet formulas to explore recursive
patterns of change (optional
investigation)
• Use iteration to solve problems about
population and money change over time

After Investigation 1:
See Assignment Note
below. Choose one of
A1–A4, A5 or A6, C10,
C11, C14, C15, R19, E22
or E23, Rv26–Rv29

Lesson 3 Tools for Studying Patterns of
Change
• Develop skill in writing rules that express
problem conditions
• Review perimeter and area formulas for
triangles, parallelograms, and circles, and
the Pythagorean Theorem
• Develop skill in producing tables and
graphs for functions
• Develop skill in using function tables,
graphs, and computer algebra
manipulations to solve problems that
involve functional relationships, especially
solving equations in one variable
• Develop informal knowledge about
connections among function rules, tables,
and graphs for linear, inverse, exponential,
and quadratic relations

After Investigation 1:
Choose three of A1–A5,
C13, choose two of
C14–C18, E25, Rv31

Materials

7 days

For each group of
students:
• Rubber bands and
fishing weights, bags
of nuts and bolts, or
other weights
• Meter sticks
• Dice
• Three different coins
• Unit 1 Resource
Masters

6 days

• Access to computers
with spreadsheet
software, CPMP-Tools,
or calculators with
spreadsheet
capabilities
• Optional: CPMP-Tools
data analysis software
for C10–12, and E23
• Unit 1 Resource
Masters

5 days

• Access to a Computer
Algebra System such
as in CPMP-Tools
• Unit 1 Resource
Masters

2 days
(including
testing)

• Unit 1 Resource
Masters

After Investigation 2:
A4, A5, C10, Rv23–Rv26
After Investigation 3:
A6 or A7, C11–C13, R15,
R16 or R17, choose one of
E18–E20, Rv27, Rv28

After Investigation 2:
A7, A8 or A9, C12 or C13,
R20 or R21, E24 or E25,
Rv30, Rv31

After Investigation 2:
A6 or A7, A8, A9, C19,
C20, R21–R23, choose
one of E26–E29, Rv32
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Lesson 1 Cause and Effect
• Develop disposition to look for cause-andeffect relationships between variables
• Review and develop skills in organizing
data in tables and graphs and using
words to describe patterns of change
shown in those representations
• Review or begin to develop knowledge
about common patterns of change (linear,
inverse, exponential, quadratic) and ability
to use symbolic rules to represent and
reason about those patterns
• Use tables, graphs, and rules to solve
problems of cause-and-effect change

Suggested
Pacing

After Investigation 3:
A10–A12, R24, E30,
Rv33–Rv36

Lesson 4 Looking Back
• Review and synthesize the major
objectives of the unit
* When choice is indicated, it is important to leave the choice to the student.

Note: It is best if Connections tasks are discussed as a whole class after they have been assigned as homework.
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opular sports like baseball, basketball, football, soccer, tennis,
and golf have been played around the world for many years. But
creative athletes are always looking for new thrills and challenges.
One new sport began when some young daredevils in New Zealand
found a bridge over a deep river gorge and invented bungee jumping.
They tied one end of a strong elastic cord to the bridge and the other
end around their waists or feet. Then they jumped off the bridge and
bounced up and down at the end of the cord to entertain tourists.
Soon word of this new sport got back to the United States. It wasn’t
long before some Americans tried bungee jumping on their own.
Now amusement parks around the world have installed bungee
jumps to attract customers who want a thrilling experience.
Those parks had important planning to do before opening their
bungee jumps for business.
As you can imagine, bungee jumping is risky, especially if the
jump operator doesn’t plan ahead carefully. If the apparatus
isn’t designed correctly, the consequences can be fatal. So,
the first planning task is to make sure that the bungee
apparatus is safe. Once the bungee jump is ready, it is time
to consider business problems like setting prices to attract
customers and maximize profit.
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n many practical situations, variables of interest are related so that
manipulating one of the variables leads in predictable ways to changes in the
second variable. Change in the independent variable causes change in the
dependent variable. In this first lesson of Core-Plus Mathematics Course 1,
we engage students in experiments and problem-solving tasks that involve a
wide variety of such cause-and-effect changes. Students should develop their
abilities to use tables, graphs, and (to a limited extent) equations to express
relationships between independent and dependent variables and to describe
the cause-and-effect patterns of those relationships.
The problems of investigations in this first lesson of the Patterns of Change
unit are structured to help students advance development of the kind of
collaborative classroom discourse community that will lead to maximum
learning by all. In this lesson, there are some suggestions for skills to focus on
and processing prompts to assist with discussions. Look for suggested skills at
the beginning of investigations and prompts following the Summarize the
Mathematics section.
Additional ideas on developing effective groups are available in an additional
resource, Implementing the Core-Plus Mathematics Curriculum, available in print
and on the Teacher Works CD.

Lesson Objectives
• Develop disposition to look for cause-and-effect relationships between
variables
• Review and develop skills in organizing data in tables and graphs and using
words to describe patterns of change shown in those representations
• Review or begin to develop knowledge about common patterns of change
(linear, inverse, exponential, quadratic) and ability to use symbolic rules to
represent and reason about those patterns
• Use tables, graphs, and rules to solve problems of cause-and-effect change

Lesson Launch
Like all Think About This Situations (TATS) in Core-Plus Mathematics, this
opening prompt for student thinking and class discussion is designed to pique
students’ interest in a situation that leads to important mathematical ideas.
Frequently there are no “right answers” at this point in the investigation.
However, even at this introductory stage of the investigation, students should be
encouraged to think through their ideas and explain the thinking that leads
them to conjectures. The TATS will also allow you an opportunity to assess
students’ prior knowledge of the context or mathematics at hand.

PROMOTING
MATHEMATICAL
DISCOURSE Periodically
when this icon appears you
will find a sample discussion
offering possible teacherstudent discourse around
Think About This Situation and
Summarize the Mathematics
questions at point of use.
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Situation

Suppose that operators of Five Star Amusement Park are considering installation of
a bungee jump.

a How could they design and operate the bungee jump attraction so that people of
different weights could have safe but exciting jumps?

b Suppose one test with a 50-pound jumper stretched a 60-foot bungee cord to a length

Jumper Weight (in pounds)

50

100

150

200

250

300

Stretched Cord Length (in feet)

70

?

?

?

?

?
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of 70 feet. What patterns would you expect in a table or graph showing the stretched
length of the 60-foot bungee cord for jumpers of different weights?



c



How could the Five Star Amusement Park find the price to charge each customer so that
daily income from the bungee jump attraction is maximized?

d What other safety and business problems would Five Star Amusement Park have to
consider in order to set up and operate the bungee attraction safely and profitably?

As you complete the investigations in this lesson, you will learn how data
tables, graphs, and algebraic rules express relations among variables. You
will also learn how they can help in solving problems and making decisions
like those involved in design and operation of the Five Star bungee jump.

LESSON 1 • Cause and Effect
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Think
This

Teaching Resources
About

INSTRUCTIONAL NOTE This
master can be reproduced as
a transparency.

Situation

Student Master 4.
UNIT

a Students’ ideas about how to design a safe but exciting bungee jump

1

Patterns of Change

Think
This

will certainly vary. Possible ideas include testing the bungee cord for
maximum weight or using different cords (of different elasticity) for
people of different weights. They should recognize that the key
relationship is between jumper weight and stretch of the bungee cord.

About

Situation

Suppose that operators of Five Star Amusement Park are
considering installation of a bungee jump.

a How could they design and operate the bungee jump
attraction so that people of different weights could have safe
but exciting jumps?

b Suppose one test with a 50-pound jumper stretched a 60-foot
bungee cord to a length of 70 feet. What patterns would you
expect in a table or graph showing the stretched length of the
60-foot bungee cord for jumpers of different weights?
50

Jumper Weight (in pounds)

100

150

200

250

300

b Students should expect stretched length of the cord to increase as

150

Stretched Cord Length
(in feet)

jumper weight increases. If students say they have no ideas or
experience on which to base their specific numerical conjectures, ask
them to use their instinct. Then be sure that as different groups or
individuals report their ideas, they make an effort to explain why they
completed the table in the pattern they chose. For example, a student
who increases stretched cord length in constant increments should be
able to say something about how he or she believes that each addition
of weight has the same effect on cord length. If students complete the
table in some other pattern, they should be able to give some, however
conjectural, explanation of why they used the pattern they chose. (See
the sample discussion in the Teaching Resources for this lesson.)

Unit 1

Stretched Cord Length (in feet)

100

50

0
0

100
200
Jumper Weight
(in pounds)

300

c How could the Five Star Amusement Park ﬁnd the price to
charge each customer so that daily income from the bungee
jump attraction is maximized?

d What other safety and business problems would Five Star
Amusement Park have to consider in order to set up and
operate the bungee attraction safely and proﬁtably?
4
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Transparency Master • use with page 3

c Students might suggest finding out the price charged for bungee
jumping at other amusement parks, taking a survey of park visitors on
a given day, or lowering the price if no one signs up and raising the
price if many people are interested. The goal here is to help students
think about how change in one variable has an effect on the value of
another variable.

d Considerations might include a concern for customers with health
problems, the quality of the structure, insurance, posting a set of rules,
and also an appropriate location (e.g., Is there a competitor nearby?).
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Promoting
Mathematical Discourse
Think About This Situation, page 3

Unit 1

Teacher: Let’s think about what is involved in designing and
operating a bungee jump at an amusement park. How could they
design and operate the bungee jump attraction so that people of
different weights could have safe but exciting jumps?
Carey: It needs to be designed so it won’t break.
Sam: Yeah, and maybe there should be a safety net or a big air
mattress on the ground just in case it does break.
Michael: Also, you would want to be sure the cord is strong
enough to hold the weight of the person and not break and elastic
enough to stretch. If the cord is too stiff, there would be no
bouncing and that wouldn’t be much fun.
Regina: But it can’t be too stretchy or else someone might hit
the ground.
Teacher: Have any of you attempted a bungee jump?
Carlotta: My older sister did. She said it was really scary but fun.
The one she went on had a seat for people to sit in to prevent them
from hurting their backs during the jump.
Juan: I haven’t ever jumped, but if I did I would want to make sure
that the straps and buckles like those in the picture on the cover
page were very strong and secure. I wouldn’t want the straps so
tight that they choke me, though.
Teacher: Any other ideas on the design or operation of the
bungee jump to make it safe but exciting?

Teacher: We’ll think more about the money-making aspects in a
few minutes. Take a look up front at the overhead screen. The
Think About This Situation asks us to consider what patterns we
might expect in a table or graph. We see a table of values showing
the length of a 60-foot bungee cord for different weights of
jumpers. (The teacher points to the table on the overhead copy
of the TATS.) What do we know about this situation from the table?
Caroline: We know that a 50-pound jumper stretched the cord to a
length of 70 feet.
Teacher: And how do we know that, Caroline?
Caroline: Because the table shows the jumper weight and the
length of the stretched out cord. It says that some person weighed
50 pounds and the cord stretched to 70 feet.
Teacher: All right. Do we know anything else? (The teacher
pauses; nothing else is offered by students.) … Okay. I want you
to think about something for a minute and then pair up with a
neighbor to discuss your thoughts. (The teacher explicitly chooses
the think-pair-share strategy so all students have time to
consider possible mathematical patterns.) This is what I want you
to think about, ready? (The teacher glances around the room to
make sure she has the attention of each student.) I want you to
think about how the length of the stretched cord would change as
the weight of a jumper increases. Think for a minute alone. Then
share your thinking with the person next to you.

Tessa: Maybe they could have a variety of designs for different
weights. Or even offer different heights for beginners who might be
afraid of the jump. Or maybe people could pick how bouncy a ride
they want.

Teacher: (The teacher allows time for students to think and
discuss.) Okay, what do you think?

Maria: I would want to see a video first. You know, like a safety
video so I would know what to expect. Otherwise, if people didn’t
know what to expect they might freak out and more people could
be hurt.

John: We agreed. At first we said that the cord would probably
stretch 140 feet for a 100-pound person and 210 feet for a
150-pound person. But then we realized that for a 300-pound
person the cord would be way too long. So, we decided that the
table might go up by tens.

Teacher: Interesting ideas—anything else?
Aaron: It would be more fun if the jump looked realistic. Like you
are really jumping off a bridge into a gorge like the pictures in our
book. Sometimes, you just jump off of a mobile bungee tower. I
think more people would choose to jump if it were realistic.
Teacher: So having people want to experience the jump is
important?
Aaron: Sure, otherwise the amusement park won’t make any money
on the ride.
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Alicia: Well, we were saying that the cord would stretch more if
there was more weight on it.

Teacher: That is interesting. Did you notice that John’s group
adjusted their thinking based on the reality of the situation? When
we model situations with mathematics, we often need to consider
the context along with the math we are using. Would someone from
your group come up here and sketch a graph on this transparency
showing your thinking?
(Tamie comes up and draws a line connecting (50, 70),
(100, 80), and (110, 90)) on the overhead transparency.)

Teacher: How would you describe this pattern in mathematical
language?

Teacher: How do these suggestions relate to the question of
maximum income?

(Many students respond together that the pattern is linear. They
know this from their work in middle school.)

Dawson: Well, the more you charge the more you make.

Teacher: Let’s see by a show of hands, how many groups thought
the pattern was linear. Looks like some of you had different types
of patterns. Cam, what did your group decide?
Cam: We decided that the pattern would increase but not as fast. In
fact, we thought it would slow down.
Teacher: Cam, please sketch your pattern on this same grid and
explain why you thought it would slow down.

Teacher: What do the rest of you think? Any other ideas about the
pattern of stretched cord? (Pause) No, okay, we have two different
ideas on the table. (The teacher purposely does not press
students to think about the y-intercept. Students did not
introduce the idea themselves and it will be considered during
the investigation.)
Teacher: In a couple of minutes, we will be doing an experiment to
simulate a bungee jump. We will collect some data and investigate
the relationship between weight and stretch. Next, let’s think about
the business aspects of running a bungee jump. How could the Five
Star Amusement Park figure out what price to charge each customer
so that they could maximize the daily income from the attraction?
(Part c)
Kat: They might find out how much is charged at other amusement
parks.
Sandy: They could ask people who come to the park while they
are building the bungee jump how much they would pay to take a
ride—or whether they would do it at all. I wouldn’t.
James: I think they should just charge a lot since the ride will be
new. Once the newness wears off, they could charge less for the
jump.

Jenni: I agree. There is probably a maximum price that people will
pay, or at least that most people will pay. The operators would have
to figure out the best price.
Chris: If they make the ride free, then lots of people would jump
but they wouldn’t make any profit. But, if they make it too
expensive, like Kat and Jenni were saying, then only a few people
would jump.
Teacher: So, it sounds like each of you is saying that the price for
a jump will have some effect on the profit made by Five Star. Do the
rest of you agree? (Students agree.) So, if you know that the jump
costs $5, how much income will be generated?
Jason: Well, you still have to know how many people jump to find
the income. Your income depends on two things: the price and the
number of people.
Teacher: (Seeing some blank stares.) Does anyone want to ask
Jason a question?
Tameka: I don’t know what you mean, Jason ... .
Jason: Well think about it this way ... . If you charge $5 and two
people jump, you make $10. If 100 people jump you make $500.
So, you need to know both the price and the number of people
jumping to find out the income.
Teacher: So, do you agree with Jason that there are two factors
needed to find the income? (Students agree.)
Teacher: Okay, any other safety or business problems Five Star
Amusement Park has to consider? (Part d)
A variety of students suggest things like the quality of the
structure, the strength of the cord, insurance, ride restrictions
(age, height, and health).
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Cam: (Sketches a curve from (50, 70).) We decided it would slow
down because the cord might be reaching its limit of stretching.

Kat: That might not be true; if you charge too much, no one will
do the jump. So, you have to keep the price set where people can
afford to pay.
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Physics and Business at Five Star
Amusement Park

Unit 1

The distance that a bungee jumper falls before bouncing back upward
depends on the jumper’s weight. In designing the bungee apparatus, it is
essential to know how far the elastic cord will stretch for jumpers of
different weights.
The number of customers attracted to an amusement park bungee jump
depends on the price charged per jump. Market research by the park staff
can help in setting a price that will lead to maximum income from the
attraction.
As you work on the problems of this investigation, look for answers to
these questions:
How is the stretch of a bungee cord related
to the weight of the bungee jumper?
How are number of customers and income for a
bungee jump related to price charged for a jump?
How can data tables, graphs, and rules relating variables be used to
answer questions about such relationships between variables?

Bungee Physics In design of any amusement park attraction like a
bungee jump, it makes sense to do some testing before opening to the
public. You can get an idea about what real testing will show by
experimenting with a model bungee apparatus made from rubber bands and
small weights. The pattern relating jumper weight and cord stretch will be
similar to that in a real jump.
When scientists or engineers tackle
problems like design of a safe but
exciting bungee jump, they often work
in research teams. Different team
members take responsibility for parts
of the design-and-test process. That
kind of team problem solving is also
effective in work on classroom
mathematical investigations.
As you collect and analyze data from
a bungee simulation, you may find it
helpful to work in groups of about four,
with members taking specific roles like these:
Experimenters
Recorders
Quality Controllers

Perform the actual experiment and make
measurements.
Record measurements taken and prepare reports.
Observe the experiment and measurement
techniques and recommend retests when there are
doubts about accuracy of work.

Different mathematical or experimental tasks require different role
assignments. But, whatever the task, it is important to have confidence in
your partners, to share ideas, and to help others.
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Physics and Business at Five
Star Amusement Park

In this investigation, students are asked to perform an experiment that simulates
bungee jumping. While the exact physical analysis of forces involved in a real
bungee jump involves piecewise and nonlinear factors, students doing the
simulation are highly likely to get data that suggest an approximately linear
relationship with positive slope and y-intercept. It is not at all important that
students use any of that language to describe their results, but it provides
teachers with an opportunity to learn what students already know about linearity.

Students should record the stretched length of the bungee cord with various
weights attached, not simply the amount of stretch. With this focus, they
should get an approximately linear pattern in which the y-intercept represents
the cord length with no weight attached and the slope represents the amount of
stretch per unit of weight. Fishing weights, bags of nuts and bolts, or other
weights can be used for this experiment. You may wish to have groups use
different types of weights.
To allow for class discussion about the need for establishing well-defined
experimental procedures, the directions for the bungee simulation experiment
are intentionally far short of what is needed. Before setting the groups off on
their team work, facilitate a discussion about establishing experiment design
and execution procedures that will support the collection of good data to be
used for understanding the overall question. Issues like how to measure stretch
accurately (since the “jumper” will rebound quickly from its maximum stretch
point) are sure to come up. It is important for students to realize that a careful
experiment will allow variation only in the independent variable of interest, not
in other experimental conditions.
It is likely that some groups will connect the data points in their plots. After
students report their bungee experiment results you may wish to discuss
options of connecting dots or drawing a line or curve through the data to help
visualize the pattern. For some contexts, the graph points between the real data
points have no meaning. As students progress in this unit, you may wish to
periodically draw their attention to cases where connecting dots, drawing
curves, or curve fitting is a visual aid or allows prediction but should not imply
that all independent variable values have meaning for the context. (This unit
also allows the opportunity to discuss restricted domains.)
In the second part of Investigation 1, students analyze data illustrating the
classic relationship between price and demand for a product or service—in this
case the relationship between price for trying a bungee jump at Five Star
Amusement Park and the number of daily customers who can be expected to
pay for that experience. Again, the underlying idea being explored is the way
that changes in an independent variable cause or effect change in another
dependent variable.

Cause and Effect
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The introduction to this bungee simulation experiment includes some guidelines
about organizing for work in teams. We have suggested to students that this is
a good thing to do because it is the way people work on such tasks in business
and industry—not just because it is an effective way to learn mathematics.

COLLABORATION SKILL
Encourage contributions by
all members. (Encourage
students to focus on specific
skills during collaborative
work.) A prompt to reflect on
this is provided following the
Summarize the Mathematics
on page T7A.

1

Make a model bungee jump by attaching a weight to an elastic cord
or to a chain of rubber bands.

a. Use your model to collect test data about bungee cord stretch for
at least five weights. Record the data in a table and display it as a
scatterplot on a graph.
Weight Attached (in grams)
Length of Stretched Cord (in cm)

 
 

Unit 1

,

W





b. Use the pattern in your experimental data to predict length of the
stretched bungee cord for weights different from those already
tested. Then test the accuracy of your predictions.

c. Compare your results to those of others doing the same
experiment. What might explain any differences in results?

2

When a group of students in Iowa did the bungee jump experiment,
they proposed an algebraic rule relating the length of the stretched
bungee cord L (in centimeters) to the attached weight w (in grams).
They said that the rule L = 30 + 0.5w could be used to predict the
stretched cord length for any reasonable weight.

a. Use the Iowa students’ rule to make a table and a graph of sample
(w, L) values for w = 0 to 120 in steps of 20 grams.

b. How, if at all, do the numbers 30 and 0.5 in the Iowa students’
rule relate to the pattern of (w, L) values shown in the table and
graph? What do they tell about the way the length of the cord
changes as the attached weight changes?

c. Is the pattern of change in the rule-based (w, L) values in Part a
different from the pattern of change in your experimental data?
If so, what differences in experimental conditions might have
caused the differences in results?

LESSON 1 • Cause and Effect
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1

a. In the students’ recorded data, stretched cord length should increase
steadily as weight attached increases steadily. The plot of the data
should lie roughly in a linear pattern, though the linearity might fail
at the extremes of the experimental weights.

b. Students might suggest linear interpolation (not in those words) or the
mid-value of stretched cord length between two nearby data points.
They might also suggest drawing a line to match the pattern and then
reading intermediate point coordinates. This strategy will be developed
more thoroughly in the Unit 3 Linear Functions.

c. Students should discuss reasons for different numbers. Some

2

INSTRUCTIONAL NOTE The goal of this problem is to see how comfortable
students are in use of symbolic rules, including use of standard order of
operations. At this point, do not expect students to be proficient in finding
equations that match linear data patterns.

a. w (in gm)
L (in cm)

0

20

40

60

80

100

120

30

40

50

60

70

80

90

,

W

INSTRUCTIONAL NOTE
This master can be
reproduced as a transparency.
Each group could receive one
grid and plot their data. Grids
could be displayed side-byside or stacked on each other.
Student Master 5.
UNIT
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Patterns of Change

Name ____________________________
Date _____________________________

Bungee Jump Experiment
Weight Attached

Length of Stretched Cord

Unit 1

rubberbands are stronger than others, and some students may have
made mistakes such as starting measurement of the length of the
bungee cord at the wrong point. Some students may have performed
the tests slightly differently than others giving data differences due to
experimental error. The important point is to get students thinking
about how variables in the experiment affect results.

Teaching Resources

L

w

Student Master • use with page 5
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5

INSTRUCTIONAL NOTE
You may wish to have
students produce plots with
technology if they are already
proficient with plotting points
by hand.

CPMP-Tools

b. The number 30 represents the value of L when w = 0 (the original

length of the cord). Thus, 30 is the L value associated with a w value
of 0 in the table and with the location where the graph crosses the
y-axis.
The value 0.5 represents the change in L compared to the change
in w. For each increase of 1 gram in w, the value of L increases by
0.5 centimeters. (Of course, in practice, the pattern of change in
stretched cord length as attached weight increases will only
approximate the pattern predicted by the formula.)
Another way to explain the 0.5 is to say that L only changes 0.5
of what w changes. (This is a more subtle interpretation problem
that will be dealt with carefully in Unit 3 on Linear Functions, so if
students don’t get it here, there is no need to belabor the point.)

c. Possible differences might include: different rate of change in length as
weight is added (though students might not use the “rate” language to
talk about it) or different values of L when w = 0.
Reasons for differences might include:

Different starting lengths of cords, different size increments of added
weights, different elasticity of bungee cords, experimental errors, different
experimental procedures, or different weight and length units used.

Cause and Effect
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Bungee Business Designing the bungee jump apparatus is only part of
the task in adding the attraction to Five Star Amusement Park. It is also
important to set a price per jump that will make the operation profitable.
When businesses face decisions like these, they get helpful information
from market research. They ask people how much they would be willing to
pay for a new product or service.
3

The Five Star marketing staff did a survey of park visitors to find out
the number of customers that could be expected each day for the
bungee jump at various possible price per jump values. Their survey
produced data that they rounded off and presented in this table.

Unit 1

Market Survey Data
Price per Jump
(in dollars)

0

5

10

15

20

25

30

Likely Number
of Customers

50

45

40

35

30

25

20

a. Plot the (price per jump, number of customers) data on a
coordinate graph. Then describe how the predicted number of
customers changes as price per jump increases from $0 to $30.

b. The Five Star data processing department proposed the rule
N = 50 – p for the relationship between number of customers N
and price per jump p. Does this rule represent the pattern in
the market research data? Explain your reasoning.

4

The Five Star staff also wanted to know about daily income earned
from the bungee jump attraction.

a. If the price per jump is set at $5, the park can expect 45 bungee
jump customers per day. In this case, what is the daily income?

b. Use the market survey data from Problem 3 to estimate the daily
income earned by the bungee jump for prices from $0 to $30 in
steps of $5. Display the (price per jump, daily income) data in a
table and in a graph. Then describe the pattern relating those
variables.

c. What do the results of the Five Star market research survey and
the income estimates suggest as the best price to charge for the
bungee jump attraction? How is your answer supported by data in
the table and the graph of (price per jump, daily income) values?

5

In situations where values of one variable depend on values of
another, it is common to label one variable the independent variable
and the other the dependent variable. Values of the dependent
variable are a function of, or depend on, values of the independent
variable. What choices of independent and dependent variables make
sense in:

a. studying design of a bungee jump apparatus?
b. searching for the price per jump that will lead to maximum
income?

6

6
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3

a. All students should note that as the price per jump goes up, the

ASSIGNMENT OPTION
Following Problem 3,
you may wish to discuss
Part a of the Check Your
Understanding on page 8.

Unit 1

INSTRUCTIONAL NOTE The next three problems explore the price and demand
relationship—in general, higher prices mean lower demand. Students can encounter
this pattern with a linear relationship in which the y-intercept represents demand if
the product or service is free, and the negative slope represents the rate at which
demand declines as price increases. (We do not expect students to use this
language.) Ask students to think about why the data pattern reflects a reasonable
cause and effect relationship and how the graph illustrates the relationship.
Discussing factors other than price that will affect the number of customers on
any particular day would be a good way to engage the class in the problem and
to develop students’ critical thinking skills. However, point out that the (price,
customers) relationship is useful in business analysis, even if it oversimplifies the
situation. This kind of simplification is the essence of mathematical modeling, as
real-life situations are seldom as consistent as mathematical functions.

.

number of customers goes down. Some students may have deeper
understanding at this point and note that the drop in demand is
5 customers for every $5 increase in price or that there is a steady
decline in customers as price increases.
P

b. The proposed rule does produce pairs of (price per jump, number of
customers) values identical to those in the table. Students should
substitute values of p from the table into the rule N = 50 - p to see
that the rule accurately describes the data pattern.

4

INSTRUCTIONAL NOTE This problem explores the relationship between daily
income and price per jump. The fact that income equals price times quantity
will probably be a new idea for students. Ask students to explain that
calculation as part of the launch into this segment of the problem.

)

a. Income = 5 × 45 so the income is $225 when the price per jump is $5.
b. Price per Jump p (in $)
Daily Income I (in $)

0

5

10

15

20

25

30

0

225

400

525

600

625

600

P

The pattern relating price and income shows an increase, then a
decrease in income while price increases. Equal changes in price do
not produce equal changes in income.

c. The best price is $25. This price yields the highest income, as evident
in the correspondence of p = 25 with I = 625 in the table and by
the peak in the graph at p = 25.

5

INSTRUCTIONAL NOTE From a technical standpoint, choice of an
independent and a dependent variable in any mathematical situation is
arbitrary—the independent variable either changes in ways that are beyond
our control or we are able to manipulate it in an experimental situation. The
dependent variable changes in response to free or planned changes in the
independent variable. For this reason statisticians tend to prefer the terms
explanatory and responding instead of independent and dependent.

NOTE If a student suggests
that there might be an
intermediate price that will
yield a higher income, the
student can use the rule,
N = 50 - p to find the
income for prices near $25.

a. Independent Variable: weight of jumper
Dependent Variable: stretched length of bungee cord

b. Independent Variable: price per jump
Dependent Variable: daily income
Cause and Effect
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Summarize
the Mathematics
To describe relationships among variables, it is often helpful to explain how one
variable is a function of the other or how the value of one variable depends on
the value of the other.
a How would you describe the way that:

Unit 1

i. the stretch of a bungee cord depends on the weight of the jumper?
ii. the number of customers for a bungee jump attraction depends on the price per
customer?
iii. income from the jump depends on price per customer?

b What similarities and what differences do you see in the relationships of variables in the
physics and business questions about bungee jumping at Five Star Amusement Park?

c

In a problem situation involving two related variables, how do you decide which should
be considered the independent variable? The dependent variable?

d What are the advantages and disadvantages of using tables, graphs, algebraic rules, or
descriptions in words to express the way variables are related?

e In this investigation, you were asked to use patterns in data plots and algebraic rules to
make predictions of bungee jump stretch, numbers of customers, and income. How
much confidence or concern would you have about the accuracy of those predictions?

Be prepared to share your thinking with the whole class.

Check Your Understanding
The design staff at Five Star Amusement Park had another idea—selling
raffle tickets for chances to win prizes. The prize-winning tickets would be
drawn at random each day.

a. Suppose that a market research study produced the following estimates
of raffle ticket sales at various prices.
Price per Ticket
(in dollars)
Number of
Tickets Sold

1

2

3

4

5

10

15

900

850

800

750

700

450

200

i. Plot the (price per ticket, number of tickets sold) estimates on a
graph. Because price per ticket is the independent variable in this
situation, its values are used as x-coordinates of the graph. Because
number of tickets sold is the dependent variable, its values are used
as the y-coordinates of the graph.

LESSON 1 • Cause and Effect
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Summary
It is important to be sure that students are articulating the mathematics correctly
and also to be sure to not push the conversations into content that students will
subsequently investigate.

Summarize
the Mathematics

PROMOTING
MATHEMATICAL
DISCOURSE

Transparency Master 6.

a

i. If the weight attached to a bungee cord increases, the stretched
length of the cord will increase in a fairly steady linear pattern.
ii. If the price is set too high, no customers will come. If the price is
lowered, this will cause more people to become jump customers.
iii. Up to a certain point, an increase in ticket prices will lead to an
increase in income. Once this “certain point” is reached, higher prices
will attract fewer customers, causing income to decrease.

UNIT

1

Patterns of Change

Summarize
the Mathematics

To describe relationships among variables, it is often helpful to
explain how one variable is a function of the other or how the
value of one variable depends on the value of the other.

a How would you describe the way that:
i. the stretch of a bungee cord depends on the weight of
the jumper?
ii. the number of customers for a bungee jump attraction
depends on the price per customer?
iii. income from the jump depends on price per customer?

b What similarities and what differences do you see in the
relationships of variables in the physics and business questions
about bungee jumping at Five Star Amusement Park?

c In a problem situation involving two related variables, how

b In each of the three relationships studied in this investigation, there

do you decide which should be considered the independent
variable? The dependent variable?

d What are the advantages and disadvantages of using tables,

was a relationship between variables in which changes in one variable
led to changes in another variable. In two cases, the changes occurred
in a steady pattern, represented in the data plots as linear patterns.

graphs, algebraic rules, or descriptions in words to express
the way variables are related?

e In this investigation, you were asked to use patterns in data
plots and algebraic rules to make predictions of bungee
jump stretch, numbers of customers, and income. How much
conﬁdence or concern would you have about the accuracy of
those predictions?
Be prepared to share your thinking with the whole class.

The two linear patterns were different in that one was an increasing
pattern (stretched cord length), while the other was a decreasing pattern
(number of customers). The third pattern was different from the first two
because it did not show a steady and consistent increase or decrease of
income values as price increased. Instead, it showed an increase at first
(rather rapid), then a slowing rate of increase, a maximum value (and
graph point), and then a decrease at an increasing rate.

6
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Transparency Master • use with page 7

c The independent variable is typically the variable for which you select
a variety of values to find the other variable. Changes in this variable
seem to cause or lead to changes in the other variable. The dependent
variable is the one that is a function of, depends on, or is a result of a
change in the independent variable.

d Tables show actual values, graphs help to see patterns, rules help to
generate new data, and words communicate ideas about the situation.
Since students might have different ideas or different preferences
themselves, some discussion of the pros and cons would be helpful
in getting students to reflect on their own and others’ preferred
information styles.

Cause and Effect
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Teaching Resources

e One of the unavoidable facts of life in using mathematical concepts

Unit 1

and techniques to reason about real-life problem situations is that
the exactness of mathematical calculations is only approximated
by the behavior of situations being modeled. Mathematical models
are idealizations or averages of messier real data patterns. The degree
of confidence that one has in predictions from a mathematical model
is usually based on the regularity of the data pattern used to generate
the model.
When (as in the bungee jump experiment) there is an underlying
physical law governing behavior of the phenomenon being studied,
predictions from models tend to be more accurate than in situations (like
the prediction of bungee jump demand from price information) where less
deterministic variables are involved. We just want students to begin
developing sensitivity to this fundamental fact of applied mathematics,
which will come up again in subsequent investigations and units. At this
point, student responses to the question about confidence or concerns
about predictions from patterns will probably be fairly unsophisticated,
but it is important to ask students “Why?” they do or do not believe that
interpolation or extrapolation (not using those words) from a data pattern
will yield reliable predictions.

MATH TOOLKIT Explain
what is meant by the
dependent and independent
variable. What are the ways
that can be used to express
how variables are related?
Give an advantage for each
type of variable. (Additional
information on Math Toolkits
is in the Implementing the
Core-Plus Mathematics
Curriculum booklet and
on the TeacherWorks CD.)

PROCESSING PROMPT Things we said to encourage one another to contribute
ideas:
1. ___________________ 2. ___________________

T7A UNIT 1 • Patterns of Change

3. ___________________

Promoting
Mathematical Discourse
Summarize the Mathematics, page 7

Teacher: I would like each group to take a few minutes to talk
about how you would answer the Summarize the Mathematics
questions. Don’t write out your responses yet. Just make some
notes about your thinking to keep track of it. You will be asked to
share your ideas as an entire class in about 5 minutes. (Students
discuss the questions. The teacher listens purposefully to the
ideas surfacing from small group discourse to be prepared to
push students’ thinking during the whole class discussion or to
call on specific groups for their ideas.)
Teacher: It is time to share your thinking with the entire class.
Meredith, would you please read aloud the introductory sentence
and the first question of Part a? And then someone else from your
group can tell us what your group was thinking.
Meredith: To describe relationships among variables, it is often
helpful to explain how one variable is a function of the other or how
the value of one variable depends on the value of the other. How
would you describe the way that the stretch of a bungee cord
depends on the weight of the jumper?
Josh: We said that the cord got longer when the jumper weighed more.
Teacher: (Pause to see if students initiate more discussion.)
Remember the expectations we set for this discussion. Others
should add their thoughts to this discussion without prompting
from me.
Latisha: Okay, we said the weight of the jumper caused the cord to
get longer.
Angela: We said that the more the jumper weighed, the longer the
cord got.
Teacher: Let’s analyze the difference between these last two
descriptions. (Teacher writes Latisha’s and Angela’s words on
the board.) Let’s consider the mathematics described in these. If
someone had not done the experiment you did or did not have any
idea of how the weight of a jumper might affect the cord length,
which of these two descriptions would be the better one to help
them understand how the cord length depends on the weight of the
jumper? And why do you think that?

Carl: Everyone knows that more weight makes the cord longer, but
if someone really had no idea of this, the one that says, “the more
the jumper weighed” would be better; ‘cause they might think that
less weight makes the cord longer.
Teacher: Do others agree with Carl’s choice? (Students indicate
agreement.) Good. Notice how we are being careful about the
language we use to describe relationships mathematically. We
need to be very clear on whether the variables are increasing or
decreasing in the relationship. Using similar mathematical language,
describe the way that the number of customers for a bungee jump
attraction depends on the price of the jump.
Daniel: The number of customers was high when the price was low
and it went down as the price went up.
Teacher: Are there ways to make this response more mathematical
or will we accept it as is?
Gian: Well, it was a pretty straight down pattern. So, maybe we
could say, “As the price went up the number of customers dropped
in a linear pattern.”
Teacher: Are there ways to make this response more mathematical
or will we accept it as is? (Pause—students indicate they will
accept this description.) Notice how Daniel was willing to offer up a
response and Gian worked at refining it to be more mathematical.
This is an example of how we will work together in this class to
understand and express mathematical ideas, not only in class
discussions, but in your group discussions. When we reflect on the
discussions in our groups during the next investigation, let’s look
for times when we help each other refine or improve our ideas.
Teacher: Now let’s use similar language to describe the
relationship between the income and price per customer.
Kyra: As the price per customer went up, the income went up too.
But then the income came back down when the price got too high.
Teacher: Thanks for offering up a response, Kyra. Are there ways
to make this response more mathematical or will we accept it as is?
(Students indicate they will accept this response.)
Teacher: Good descriptions. Let’s turn to Part b. What similarities
and differences do you see in the relationships of variables in the
physics and business questions about bungee jumping at Five Star
Amusement Park? (Silence)
Sam: What does that mean? What physics did we do?
Teacher: Can anyone interpret this question for us?
Sara: I think we are supposed to just compare the three things we
talked about in Part a.
Cause and Effect
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For this first Summarize the Mathematics (STM) discussion, it
would be helpful to explicitly address both the importance and
structure of this feature of the curriculum with students. Collectively
developing norms of behavior for the STM discussions, such as
the expectation that students will respond to or add to others
comments, is modeled in this scenario. Allowing groups to talk
about how they would answer each question posed in the STM
before moving to a class discussion should give students more
confidence to respond during the discussion.

Teacher: Well, how do we compare these three relationships?
(Writes on board: (weight/cord length), (price per customer,
number of customers), and (price per customer, income).)

Teacher: What about the price per jump/daily income relationship?

Sam: Oh, that’s all? Well, the first two you have up there were both
pretty linear.

Teacher: Okay, now let’s think more generally to answer Part c. In
a problem situation involving two related variables, how do you
decide which is the independent variable? The dependent variable?
Think about how you made your decisions in Problem 5.

Unit 1

Jewel: I can try to make this one more mathematical. The weight/
length one increased and the price/number of customers one
decreased in linear patterns.

T7
T7C
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Henri: That relationship was different from the others since the
income went back down when the price got too high.

Check Your Understanding
a. The relationship between price per ticket and number of tickets sold:
.





i.

INSTRUCTIONAL NOTE
Remind students to label axes
clearly and indicate the
scales.

P
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ii. Describe the pattern relating values of those variables and the way
that the relationship is shown in the table and the graph.

iii. Does the rule N = 950 - 50p produce the same pairs of (price per
ticket p, number of tickets sold N) values as the market research
study?

b. Use the data in Part a relating price per ticket to number of tickets sold
to estimate the income from raffle ticket sales at each of the proposed
ticket prices.

i. Record those income estimates in a table and plot the (price per
ticket, income) estimates on a graph.

ii. Describe the relationship between raffle ticket price and income

Unit 1

from ticket sales. Explain how the relationship is shown in the table
and the graph of (price per ticket, income) estimates.

iii. What do your results in parts i and ii suggest about the ticket price
that will lead to maximum income from raffle ticket sales? How is
your answer shown in the table and graph of part i?

I nvesti
nvestiggation

2

Taking Chances

Students at Banneker High School hold an annual Take a Chance carnival to
raise funds for special class projects. The planning committee is often
puzzled about ways to predict profit from games of chance.
In one popular game, a fair die is rolled to find out whether you win a
prize. Rules of the game are:
• You win a $4 prize if the top face of the die is a 4.
• You donate $1 to the school special project fund if the top face of
the die is 1, 2, 3, 5, or 6.
As you work on the problems of this investigation, look for answers to
these questions:
What is the pattern of change relating profit to number
of players in the die-tossing game?
How is that pattern of change illustrated in tables
and graphs of data from plays of the game?
How is the pattern of change in profit similar to and different
from the patterns of change in bungee jump cord length
and number of bungee jump customers?

1

Use a fair die to play the die-tossing game at least 20 times. Record
your results in a table like this:
Play Number

8

8
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1

2

3

4

5

6

7

…

Outcome ($ won or
lost for school)

…

Cumulative Profit
($ won or lost by school)

…

ii. The trend is steadily decreasing sales as price increases. In fact, it looks like
a loss of 50 customers for every increase of $1 in ticket price.

iii. The rule N = 950 - 50p produces the number pairs in the table.
b.

i. Price (in $)

1

Income (in $)

900

2

3

4

5

10

15

1,700 2,400 3,000 3,500 4,500 3,000
)

ii. As ticket price increases from $1 to $10, income appears to increase from
$900 to $4,500. As price increases from $10 to $15, income decreases from
$4,500 to $3,000. The plotted points go up from p = 1 to p = 10, and
down from p = 10 to p = 15 and increase up to p = 10. Table values
decrease after p = 10. There are no data points between 5 and 10 or
between 10 and 15, so the trends are not certain.

iii. Ticket price that will lead to maximum income looks to be about $10.
In the table, that price is paired with the highest income. In the graph,
the peak shows the maximum income, and corresponding price on the
horizontal axis.

2

Taking Chances

Teaching Resources
Student Master 7.

This investigation engages students in a hands-on experiment that leads to a
random walk pattern, foreshadowing probability ideas like the Law of Large
Numbers and expected value. It also provides a meaningful example of a
situation in which change in one dependent variable is not deterministically
predictable from change in the related independent variable (number of trials).
The payoff in such an experience should be a more flexible and open student
understanding of patterns of change and functions (though a formal function
must have well-defined connections between input and output values). Do
not expect students to have much of a feel for the concepts of probability at
this time. The key point is that the pattern is not predictable but could be
summarized by a linear model.

UNIT

1

Patterns of Change

Name ____________________________
Date _____________________________

Take a Chance
Problems 1 and 2
Play Number

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

Outcome ($ won or lost for school)
Cumulative Proﬁt ($ won or lost by school)

Play Number
Outcome ($ won or lost for school)
Cumulative Proﬁt ($ won or lost by school)

Play Number
Outcome ($ won or lost for school)
Cumulative Proﬁt ($ won or lost by school)

Play Number
Outcome ($ won or lost for school)
Cumulative Proﬁt ($ won or lost by school)

P

Cumulative Profit

I nvesti
nvestiggation

n

5

10

15

20

Play Number

COLLABORATION SKILL Respond to ideas respectfully.

1

The long-term trend should produce an average increase in fund-raiser
profit of about 17¢ per trial. Students will have different (trial number,
cumulative profit) data. The expected value from the fund-raiser’s

冠

冠5

1
1
perspective is -4 ᎏ6 冹 + 1 ᎏ6 冹 = ᎏ6. Students should not be expected to
think this way.)

Student Master • use with pages 8–9
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INSTRUCTIONAL NOTE
If students are working in
groups of 4, each student
could roll 5 times. They will
then need to order their rolls
and compute the cumulative
profit during class.

Cause and Effect

T8

Unit 1

P

COMMON ERROR Students
tend to prefer using tables.
This problem is an opportunity
to confront the fact that might
not have all the information
you need from tables. A price
of $9 gives the same income
as a price of $10. The actual
maximum point for the
income function is
(9.50, 4,512.50).

2

Plot the data from your test of the game on a graph that shows how
cumulative profit for the school changes as the number of plays
increases. Since the school can lose money on this game, you will
probably need a graph (like the one below) showing points below the
horizontal axis. Connecting the plotted points will probably make
patterns of change in fund-raiser profit clearer. Use the graph to
answer the questions that follow.



0



Unit 1

N







a. Describe the pattern of change in profit or loss for the school as
clearly and precisely as you can. Explain how the pattern is shown
in the table and the graph.

b. See if you can express the pattern as a rule relating cumulative
profit P to number of plays n.

3

Combine your results from the die-tossing experiment with those of
other students to produce a table showing results of many more plays.
If each student or group contributes cumulative results for 20 plays,
you could build a table like this:
Number of Plays

20

40

60

80

100

120

140

160

Cumulative
Profit (in $)

Plot the resulting (number of plays, cumulative profit) data.

a. How is the pattern in this experiment with many plays similar to
or different from the patterns of your experiment with fewer plays?

b. See if you can express the pattern as a rule relating cumulative
profit P to number of plays n.

4

Suppose that the game operators change the prize payoff from
$4 to $6.

a. What similarities and differences would you expect in the way
cumulative profit for the school changes as the number of plays
increases in the new game compared to the original game? How
will those patterns appear in a data table and a graph of results?

LESSON 1 • Cause and Effect
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2

a–b. Graphs of student data will not follow any familiar or simple
pattern, but as the number of plays increases, there should be a
general upward drift in the cumulative profit points. (Students are
unlikely to have ideas about how to express the random patterns
with a symbolic formula—that’s part of the point of this problem.)

3

a. As plays continue, there will be a general trend for fund-raiser profit
to accumulate at a rate of about $3.33 for every 20 plays of the game.
However, this is only an overall trend, and the actual plot might vary
from that linear trend pattern. Overall these line graphs will be less
“jagged” than from the 20-play experiments of each group.

Teaching Resources
Student Master 8.
UNIT

1

Patterns of Change

Name ____________________________
Date _____________________________

Take a Chance
Problems 3 and 4
$4 Prize Payoff
20

Number of Plays

b. Students may be able to express class plot patterns by a linear rule

80

100

120

140

160

Unit 1

Cumulative Profit

a. When the prize payoff changes from $4 to $6, the odds are then with
the player, and not the fund-raiser. The graph points will still oscillate,
but the cumulative earnings will tend to decrease. The expected return

冠

60

P

with slope of about 0.167 (per one trial).

n

50

100

150

Play Number

$6 Prize Payoff
20

Number of Plays

40

60

80

100

120

140

160

Cumulative Proﬁt

冠5

1
per play will be -6 ᎏ6 冹 + 1 ᎏ6 冹 = - 1ᎏ. The table of cumulative fund-raiser
6
profit will show a trend toward negative values, averaging a loss of
about 17¢ per play.

P

Cumulative Profit

4

40

Cumulative Proﬁt

n

50

100

150

Play Number

8
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b. Repeat the die-tossing experiment to test profit prospects for the
fund-raiser with the new payoff scheme. Try to explain differences
between what you predicted would happen in Part a and what
actually did happen.

5

What payoff amounts (for winning and losing) might make this a
fair game—that is, a game in which profit for the school is expected
to be zero?

Summarize
Unit 1

the Mathematics
In this investigation, you explored patterns of change for a variable with outcomes
subject to the laws of probability. You probably discovered in the die-tossing game
that cumulative profit is related somewhat predictably to the number of plays of the
game.

a After many plays of the two games with payoffs of $4 or $6, who seemed to come out
ahead in the long run—the players or the school fund-raiser? Why do you think those
results occurred?

b How is the pattern of change in cumulative profit for the school fund-raiser similar to,
or different from, patterns you discovered in the investigation of bungee physics and
business?

Be prepared to share your ideas and reasoning with the class.

Check Your Understanding
Suppose that another game at the Take a Chance carnival has these rules:
Three coins—a nickel, a dime, and a quarter—are flipped.
If all three turn up heads or all three turn up tails, the player wins a $5 prize.
For any other result, the player has to contribute $2 to the school fund.
The school fund-raiser is most likely to win $2 on any individual play of the
game, but there is also a risk of losing $5 to some players. The challenge
is to predict change in fund-raiser profit as more and more customers play
this game.

a. If you keep a tally of your cumulative profit (or loss) for many plays of
this game:

i. What pattern would you expect to find in your cumulative profit as
the number of plays increases?

ii. How would the pattern you described in part i appear in a graph of
the recorded (play number, cumulative profit) data?

10

10

UNIT 1 • Patterns of Change

UNIT 1 • Patterns of Change

b. Actual data will generally not match the trend until many plays have
been accumulated.

5

If the penalty for losing is kept at $1, then a payoff to winners of $5 will
make this a fair game. (Students will likely select $5 based on their results
from Problems 3 and 4.)

Summarize
the Mathematics

Teaching Resources
Transparency Master 9.
UNIT

1

Patterns of Change

Summarize
the Mathematics

Unit 1

In this investigation, you explored patterns of change for a
variable with outcomes subject to the laws of probability. You
probably discovered in the die-tossing game that cumulative
profit is related somewhat predictably to the number of plays
of the game.

a In the original game, the operators will tend to come out ahead over
the long run. However, when the payoff is increased to $6, the
advantage switches to the players. At this point, we don’t expect most
students to be able to provide a rational explanation of why this
happens. However, it seems reasonable to expect that they will have
some rough ideas about the trade-offs between prize for the rare win
and penalty for the more common loss by individual players.

b This pattern will not be very much like the other patterns encountered
in Investigation 1, since it is unpredictable and it is neither consistent
nor steady in its pattern of change. This irregularity shows up in the
table data and in the graph that seems to jump up and down.

a After many plays of the two games with payoffs of $4 or $6,
who seemed to come out ahead in the long run—the players
or the school fund-raiser? Why do you think those results
occurred?

b How is the pattern of change in cumulative profit for the school
fund-raiser similar to, or different from, patterns you
discovered in the investigation of bungee physics and
business?
Be prepared to share your ideas and reasoning with the class.

Transparency Master • use with page 10
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PROCESSING PROMPT
We responded to ideas
respectfully by … .

Check Your Understanding
a.

i. Cumulative profit would tend to grow in the long run. In the long run,
cumulative profit would increase by $2 three-quarters of the time and
decrease by $5 one-quarter of the time.

ii. In a graph, points representing cumulative profit for the school
fund-raiser will oscillate up and down, roughly around a line with
a slope of about 1 (actually, 1.125).

Cause and Effect

T10

b. Use three coins to play the game at least 20 times. In a table, record the
results of each play and the cumulative profit (or loss) after each play.
Make a plot of your (play number, cumulative profit) data and describe
the pattern shown by that graph.

c. How are the results of your actual plays similar to what you predicted
in Part a? If there are differences, how can they be explained?

I nvesti
nvestiggation

3

Trying to Get Rich Quick

Unit 1

Relationships between independent and dependent variables occur in a
wide variety of problem situations. Tables, graphs, and algebraic rules are
informative ways to express those relationships. The problems of this
investigation illustrate two other common patterns of change. As you work
on the next problems—about NASCAR racing and pay-for-work schemes—
look for answers to these questions:
Why are the relationships involved in these problems
called nonlinear patterns of change?
How do the dependent variables change as
the independent variables increase?

NASCAR Racing Automobile racing is
one of the most popular spectator sports in the
United States. One of the most important races
is the NASCAR Daytona 500, a 500-mile race
for cars similar to those driven every day on
American streets and highways. The prize for
the winner is over $1 million. Winners also
get lots of advertising endorsement income.
1

The average speed and time of the Daytona
500 winner varies from year to year.

a. In 1960, Junior Johnson won with an
average speed of 125 miles per hour.
The next year Marvin Panch won with
an average speed of 150 miles per hour. What was the difference
in race time between 1960 and 1961 (in hours)?

b. In 1997, Jeff Gordon won with an average speed of 148 miles
per hour. The next year the winner was Dale Earnhardt with
an average speed of 173 miles per hour. What was the
difference in race time between 1997 and 1998 (in hours)?
(Source: www.nascar.com/races/)

2

Complete a table like that shown here to display sample pairs of
(average speed, race time) values for completion of a 500-mile race.
Average Speed
(in mph)

50

75

100

125

150

175

200

Race Time
(in hours)
LESSON 1 • Cause and Effect
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b. If students make a table of their number of plays, individual outcomes,

INSTRUCTIONAL NOTE
In general we want students
to realize that when chance is
involved, we cannot predict
what will happen on any
single outcome, but we can
predict what the trend will
look like over the long run.

and the cumulative outcome, the individual outcomes will be a random
3

sequence of +2 and -5 entries, with many more +2 entries (about ᎏ4 of
the entries). The graph will have some sequences of steady 2-unit rises
and a few drops of 5 in y value.

c. The conflict or agreement between predictions and actual results will
depend on what the predictions are. However, even if the prediction is
theoretically correct, there is a good chance in as few as 20 plays that
cumulative profit for the operator will oscillate in ways that take it away
from the line with a slope of 0.25. The random nature of this game
accounts for the differences.

3

Unit 1

I nvesti
nvestiggation

Trying to Get Rich Quick

The goal of this investigation is to expose students to two more important
k

nonlinear patterns of change—inverse variation (y = ᎏx or xy = k) and
exponential growth. Students who have had prior exposure to these two types
of variation might recognize the symbolic forms and their relationship to the
table and graph patterns of the data and the general problem conditions. For
other students, this will serve primarily as a hint of things that will be studied
more carefully in future units.
There is no intention that teachers should take extensive time to explain
inverse variation or exponential growth, especially the corresponding symbolic
formulas, to students who do not recognize those underlying patterns as
familiar. Instead, we aim only for student recognition that variables can be
related in cause-and-effect relations of many different types and that inspecting
tables and graphs of those relationships can be informative about how the
variables depend on each other.

Teaching Resources
Student Master 10.
UNIT
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Patterns of Change

Name ____________________________
Date _____________________________

NASCAR Racing
Problem 2
a.

Average Speed (in mph)

50

75

100

125

150

175

200

Race Time (in hours)

COLLABORATION SKILL Check for agreement.

12

1

Race Time (in hours)

10

a. 2ᎏ3 hours

0
0

500

100
150
Average Speed (in mph)

200

Speciﬁc example checks:
Average Speed (in mph)
Race Time (in hours)

Average Speed (in mph) 50
Race Time (in hours)

50

b. Symbolic rule:

ᎏ
ᎏ
148 - 173 ≈ 0.488

2

6

2

500
500
ᎏ
ᎏ 2ᎏ
125 - 150 = 3
b. 0.488 hours
500

8

4

75

10 6.66

100 125
5

4

150

175

200

3.33 2.86

2.5
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a. Plot the sample (average speed, race time) data on a graph.
Describe the relationship between those two variables.

b. Write a symbolic rule that shows how to calculate race time t as a

Unit 1

function of average speed s in the Daytona 500 race. Show with
specific examples that your rule produces correct race time for
given average speed.

3

In the 1960–61 and 1997–98 comparisons of winning speed and time
for the Daytona 500 race, the differences in average speed are both
25 miles per hour. The time differences are not the same. At first, this
might seem like a surprising result.
How is the fact that equal changes in average speed don’t imply
equal changes in race time illustrated in the shape of the graph of
sample (average speed, race time) data?

4

How are the table, graph, and algebraic rule relating average speed
and race time similar to or different from those you have seen in work
on earlier problems?

Part-Time Work … Big-Time Dollars When Devon and Kevin
went looking for part-time work to earn spending money, their first stop
was at the Fresh Fare Market. They asked the manager if they could work
helping customers carry groceries to their cars. When the manager asked
how much they wanted to earn, Devon and Kevin proposed $2 per hour
plus tips from customers.
The Fresh Fare Market manager proposed a different deal, to encourage
Devon and Kevin to work more than a few hours each week. The manager’s
weekly plan would pay each of them $0.10 for the first hour of work,
$0.20 for the second hour, $0.40 for the third hour, $0.80 for the fourth
hour, and so on.

5

Which pay plan do you think would be best for Devon and Kevin to
choose? To provide evidence supporting your ideas, complete a table
showing the earnings (without tips) for each student from each plan
for work hours from 1 to 10. Plot graphs showing the patterns of
growth in earnings for the two plans.

Hours Worked
in a Week

1

2

3

Earnings in $
Plan 1

2

4

…

Earnings in $
Plan 2

0.10 0.30

4

5

6

7

8

9

…

Based on the pattern of earnings, which of the two pay plans would
you recommend to Devon and Kevin?

12

12
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a.

T

S

Unit 1

As speed increases, race time decreases. However, the race time does
not decrease at a constant rate. Equal changes in speed do not produce
equal changes in race time. The greatest change in race time is for
speed increases from relatively low starting points.
ᎏ
b. t = 500
; Students should check their rule using at least two (average
s
speed, race time) pairs from their table.

3

The graph relating race time to average speed drops rapidly at first
(for low speeds) and then more slowly (for higher speeds). So, changes
of 25 mph along the horizontal axis do not have the same vertical decrease.

4

Similarities: They all involve a cause-and-effect relationship between
one independent variable and one dependent variable. In this case, as
x increases, y decreases, somewhat like the relationship between price
and demand for bungee jump tries.
Differences: Race time does not change at a constant rate (as bungee cord
stretch and demand for the bungee jump did), this data plot shows a
curved pattern (not a straight line like stretch and number of customers in
the bungee jump), and the rule relating race time to average speed has a
variable in the denominator.

5

INSTRUCTIONAL NOTE
You might ask, “What would
you expect the graph to
look like if equal changes in
average speed meant equal
time differences?”

ASSIGNMENT NOTE
Part a of Check Your
Understanding can be
completed by students
following Problem 4.

The table below displays the correct values for the different plans. Recall
that these values represent the cumulative earnings for Devon and Kevin.
Students should suggest that if Devon and Kevin would like to work
7 hours or less per week, then Plan 1 would be the wiser choice. Beyond
7 hours, Plan 2 becomes the best choice.
Hours
Worked in
a Week
Earnings
in $ for
Plan 1
Earnings
in $ for
Plan 2

Teaching Resources
1

2

3

4

5

6

7

8

9

10

Student Master 11.
UNIT
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Name ____________________________
Date _____________________________

2

4

6

8

10

12

14

16

18

20

Part-Time Work … Big-Time Dollars
Problems 5 and 6
Hours Worked in a Week

0.10 0.30 0.70 1.50 3.10

6.30 12.70 25.50 51.10 102.30

1

2

Earnings in $ Plan 1

2

4

Earnings in $ Plan 2

0.10

0.30

Earnings in $ Plan 3

2

4

Earnings in $ Plan 4

0.10

0.30

6

7

Hours Worked in a Week

3

4

5

8

9

10

Earnings in $ Plan 1
Earnings in $ Plan 2
Earnings in $ Plan 3
Earnings in $ Plan 4

%0

%0

(

(

Student Master • use with pages 12–13
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6

Would you change your choice of pay plan if the manager’s offer was:

a. Plan 3: Only $0.05 for the first hour of work, $0.10 for the second
hour, $0.20 for the third hour, $0.40 for the fourth hour, and so
on? Why or why not?

b. Plan 4: Only $0.01 for the first hour of work, but $0.03 for the
second hour, $0.09 for the third, $0.27 for the fourth, and so on?
Why or why not?

Summarize
Unit 1

the Mathematics
The patterns relating race time to average speed for the Daytona 500 and earnings to
hours worked in Plan 2 at Fresh Fare Market are examples of nonlinear relationships.

a What is it about those relationships that makes the term “nonlinear” appropriate?
b You found patterns showing how to calculate race time from average speed and total pay
from hours worked. How would your confidence about the accuracy of those calculations
compare to that for calculations in the bungee jump and fair game problems?

Be prepared to share your ideas and reasoning with the class.

Check Your Understanding
Use these problems to test your skill in analyzing nonlinear relationships
like those in the NASCAR and Fresh Fare Market problems.

a. The Iditarod Trail Sled Dog Race goes 1,100 miles from Anchorage
to Nome, Alaska, in March of each year. The winner usually takes
about 10 days to complete the race.

i. What is a typical average speed (in miles per day) for Iditarod
winners?

ii. Make a table and sketch a graph showing how average speed for
the Iditarod race depends on race time. Use times ranging from
2 (not really possible for this race) to 20 days in steps of 2 days.

iii. What rule shows how to calculate average speed s for any
Iditarod race time t?

iv. Compare the table, graph, and rule showing Iditarod average
speed as a function of race time to that showing Daytona 500
race time as a function of average speed in Problem 2 of this
investigation. Explain how relationships in the two situations are
similar and how they are different.

b. Ethan and Anna tried to get a monthly allowance of spending money from
their parents. They said, “You only have to pay us 1 penny for the first day
of the month, 2 pennies for the second day of the month, 4 pennies for
the third day, and so on.” According to Ethan and Anna’s idea, how much
would the parents have to pay on days 10, 20, and 30 of each month?
LESSON 1 • Cause and Effect
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6

a. Plan 3: Again, the number of hours to be worked should be critical in
plan selection. In the new plan, one would have to work for 9 hours to
make it more profitable than Plan 1. But the new plan also becomes
more profitable beyond the 9-hour workload (though only half as
profitable as Plan 2).

b. Plan 4: Despite its modest beginnings, this plan would overtake Plan 1
(and both of the other options) after 8 hours of work. In fact, after
10 hours of work it would beat the original plan by $275.24.

Teaching Resources
Transparency Master 12.

the Mathematics

UNIT

1

Patterns of Change

Summarize
the Mathematics

The patterns relating race time to average speed for the
Daytona 500 and earnings to hours worked in Plan 2 at Fresh
Fare Market are examples of nonlinear relationships.

a What is it about those relationships that makes the term
“nonlinear” appropriate?

a The most obvious reason for calling these two relationships nonlinear

b You found patterns showing how to calculate race time from
average speed and total pay from hours worked. How would
your conﬁdence about the accuracy of those calculations
compare to that for calculations in the bungee jump and fair
game problems?

is the fact that, in contrast to several earlier examples, the graphs of
(x, y) value pairs do not produce linear patterns.

Be prepared to share your ideas and reasoning with the class.

b In the problems of this investigation, all calculations gave exact values
of the dependent variable corresponding to given values of the
independent variable. There is neither experimental error nor random
variation to consider when applying results to thinking about questions
in the problem situations. Therefore, we can be more confident about
the accuracy of the calculations in these problems than for those in
the bungee jump and fair game problems.

PROCESSING PROMPT We checked that we all agreed on a solution by … and
by … .

Check Your Understanding
a.

12
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MATH TOOLKIT Describe
the patterns in tables, graphs,
and symbolic expressions
of the linear and nonlinear
relationships you studied in
this lesson.

i. 110 miles per day
ii. Race Time

10

12

14

16

18

20

Average Speed
550 275 183 138 110
(in miles per day)

92

79

69

61

55

(in days)

2

4

6

8

Students should sketch a graph of this situation.
1,100

iii. s = ᎏ
t miles per day
iv. The shapes of the graphs are similar, despite the different choice of
variables for dependent and independent variables on the axes. The
tables both indicate similar decreasing patterns for the dependent
variable. In the symbolic rules, the two variables are switched, but the
forms of the rules are the same.

b. The parents would have to pay $5.12 in pennies on day 10, $5,242.88 on
day 20, and $5,368,709.12 on day 30.

Cause and Effect
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Summarize

On Your Own
Applications
These tasks provide opportunities for you to use and strengthen your
understanding of the ideas you have learned in the lesson.

1

The table below gives data from tests of a full-size bungee jump.

Unit 1

Jumper Weight (in pounds)

100

125

150

175

200

50

55

60

65

70

Stretched Cord Length (in feet)

a. Which variable does it make sense to consider independent and
which dependent?

b. Plot the given data on a coordinate graph.
c. Use the pattern in the table or the graph to estimate the stretched
cord length for jumpers who weigh:

i. 85 pounds

ii. 135 pounds

iii. 225 pounds

d. Would it make sense to connect
the points on your data plot?
Explain your reasoning.

e. Describe the overall pattern
relating stretched cord length L
to jumper weight w.

f. The technician who did the
tests suggested that the pattern
could be summarized with a
symbolic rule L = 30 + 0.2w.
Does that rule give estimates
of stretched cord length that
match the experimental data?
Explain.

2

To help in estimating the number of customers for an amusement
park bungee jump, the operators hired a market research group to
visit several similar parks that had bungee jumps. They recorded the
number of customers on a weekend day. Since the parks charged
different prices for their jumps, the collected data looked like this:
Price per Jump (in dollars)

15

20

25

28

30

Number of Customers

25

22

18

15

14

a. In this situation, which variable makes sense as the independent
variable and which as the dependent variable?

b. Plot these data on a coordinate graph.

14

14
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On Your Own
Applications
1

a. Jumper weight is the most plausible independent variable and stretched
cord length the dependent variable because it changes as an effect of
changed jumper weight.

b.

,

Unit 1

W

c. Reasonable estimates are:
i. 47 feet
ii. 57 feet
iii. 75 feet
d. In this situation, it probably does make sense to connect the dots to
indicate stretched cord length for weight values between the given
data points because there is a clear trend and no reason to think the
relationship would be any different for weight values between those
in the table. Also, values between those in the table make sense
(i.e., jumper weight is a continuous variable).

e. Stretched cord length increases steadily as jumper weight increases.
For every 25-pound increase in jumper weight, there is a 5-foot
increase in stretched cord length or about 0.2 feet per pound of
weight.

f. The given rule does produce the (jumper weight, stretched cord length)
values in the data table. For example, when w = 100, the rule says
L = 50, and when w = 200, the rule says L = 70.

2

a. In this case, price per jump is the natural independent variable and
number of customers is the natural dependent variable because it is
affected by the price charged.

b.

N

P

Cause and Effect

T14

On Your Own
c. Does it make sense to connect the points on your data plot?
Explain your reasoning.

d. Use the pattern in the table or the graph to estimate the number of
customers if the price per jump is:

i. $18

ii. $23

iii. $35

e. Describe the overall pattern of change relating price per jump to
number of customers.

f. The market research staff suggested that the pattern could be

Unit 1

summarized with a rule n = 35 - 0.7p. Does that rule produce
estimates of number of customers n at various prices p like those
in the survey data?

3

Use the data in Applications Task 2 to study the relationship between
price per bungee jump and income from one day’s operation at the
five parks that were visited.

a. Complete a table showing sample (price per jump, daily income)
values.
Price per Jump (in dollars)

15

20

25

28

30

Daily Income (in dollars)

b. In this situation, what choice of independent and dependent
variables makes most sense?

c. Plot the data relating price per jump and daily income on a
coordinate graph.

d. Would it make sense to connect the points on the graph? Explain
your reasoning.

e. Describe the overall pattern in the relationship between price per
jump and daily income.

f. Use the data table and graph pattern to estimate the price per jump
that seems likely to yield maximum daily income.

4

Suppose that you go to a school carnival night and play a game in
which two fair coins are tossed to find out whether you win a prize.
The game has these rules:
• Two heads or two tails showing—you win $1.
• One head and one tail showing—you lose $1.

a. If you keep score for yourself in 20 plays of this game:
i. What pattern would you expect in your cumulative score as
the plays occur?

ii. How would the pattern you described in part i appear in a
graph of (play number, cumulative score) data?

b. Use two coins to play the game 20 times. Record the results of
each play and the cumulative score after each play in a table.
Make a scatterplot of your (play number, cumulative score) data
and describe the pattern shown by that graph.

c. How are the results of your actual plays similar to what you
predicted in Part a? How are they different?
LESSON 1 • Cause and Effect

15

UNIT 1 • Patterns of Change

15

On Your Own
c. In this situation, connecting the dots is a reasonable way to visualize
the pattern and to make estimates of numbers of customers for prices
between those for which the given data provide direct evidence.
However, since the pattern does seem linear, it may be more
reasonable to draw a single line that matches the pattern well.

d. Interpolating and extrapolating in a roughly linear pattern from the
given data points, expected number of customers at the suggested
prices would be about:

i. 23

ii. 19

iii. 10

e. The overall pattern of change is one in which number of customers

f. The values produced by the rule are quite close to the actual data.

3

Price per Jump (in dollars) 15

20

25

Number of Customers

21

17.5 15.4

a. Price per Jump (in dollars)
Daily Income (in dollars)

24.5

28

30
14

15

20

25

28

30

375

440

450

420

420

INSTRUCTIONAL NOTE
Problem 2 provides an
opportunity to discuss the
issue of rounding to whole
numbers of customers.

b. In this case, the natural independent variable is price per jump while
the natural dependent variable is daily income because the income is
based on the price charged for jumps.

c. A plot of the (price per jump, daily

)

income) data will look like the
graph to the right:

d. It would make some sense to
connect the points since prices
P
between those for which there are
income estimates do make sense,
and it is reasonable to believe that
the incomes associated with those
prices would be in the same pattern as that of the data points already
known. However, since the pattern does not seem linear, it may be
more reasonable to draw a smooth curve through the points.

e. The overall pattern appears to suggest an increase in income as prices
approach the $20–$25 range, and then a decline as the price rises higher.

f. A jump price somewhere around $24 or $25 seems to yield the
maximum daily income.

4

a. i. Since the probability of two heads or two tails is the same as the
1

probability of one head and one tail (each are ᎏ2), the long-run
cumulative winnings or losses from this game should be about 0.

ii. The graph would be points oscillating slightly above and slightly
below the x-axis.

b. Answers will vary, but should be roughly in the pattern described in
Part a.

c. Explanations will depend on the match between predicted and actual
results.

Cause and Effect
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declines as price per jump increases. The pattern is roughly linear, with
on average a drop of about 3–4 customers for every $5 increase in price.

On Your Own
5

The postage cost for U.S. first-class mail is related to the weight of
the letter or package being shipped. The following table gives the
regulations in 2006 for relatively small letters or packages.
Weight (in ounces)
Postage Cost (in dollars)

up to 1 up to 2 up to 3 up to 4 up to 5
0.39

0.63

0.87

1.11

1.35

a. Make a coordinate graph showing (weight, postage cost) values for
letters or packages weighing 1, 2, 3, 4, and 5 ounces.

b. What postage costs would you expect for letters or small packages
sent by first-class mail, if those items weighed:

Unit 1

i. 1.5 ounces

ii. 4.25 ounces

iii. 7 ounces

c. Add the (weight, postage cost) values from Part b to your graph.
How should the points on your graph be connected (if at all)?

6

The Olympic record for the
men’s 400-meter hurdle race
is 46.78 seconds. It was set
by Kevin Young in 1992. His
average running speed was
400 ÷ 46.78 ≈ 8.55 meters
per second.

a. Make a table and a graph
showing how 400-meter race
time changes as average
speed increases from 2 meters
per second to 10 meters per
second in steps of 1 meter
per second.

b. Describe the pattern of
change shown in your table
and graph.

c. Write a rule showing how to
calculate race time t for any
average speed s.

d. Which change in average speed will reduce the race time most:
an increase from 2 to 4 meters per second or an increase from
8 to 10 meters per second? Explain how your answer is illustrated
in the shape of your graph.

7

The Olympic record in the women’s 100-meter freestyle swim race is
53.52 seconds. It was set by Australian Jodie Henry in 2004. She
swam at an average speed of 100 ÷ 53.52 ≈ 1.87 meters per second.

a. Make a table and a graph showing the way average speed for

the 100-meter race changes as time increases from 40 seconds
to 120 seconds (2 minutes) in steps of 10 seconds.

16

16
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On Your Own


a.





5





b. i. 1.5 ounces would cost $0.63.
ii. 4.25 ounces would cost $1.35.
iii. 7 ounces cost $1.83, assuming the pattern of increasing the cost by
24¢ for each ounce continues.

Unit 1

c. One possible suggestion would be as a step function as seen in the







graph below.



6



a. Average Speed (in m/sec)
Race Time (in sec)

2

3

4

5

6

7

8

9

10

200

133

100

80

67

57

50

44

40

T

S

b. Race time decreases rapidly as speed increases from 2 meters per
second, but for higher speeds a comparable increase in speed does
not produce as significant a reduction in time.
ᎏ
c. t = 400
s
d. The change from 2 m/sec to 4 m/sec produces the greater reduction in
race time. That is shown by the fact that the graph drops more rapidly
for increases in speed at lower speeds.

7

a. Race Time (in sec)

40

Average Speed (in m/sec)

2.5

50
2.0

60
1.7

70
1.4

80
1.3

90
1.1

100
1.0

110
0.9

120
0.8

S

T

Cause and Effect
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b. Describe the pattern of change shown in your table and graph.
c. Write a rule showing how to calculate average speed s for any
race time t.

d. Which change in race time will cause the greatest change in
average speed: an increase from 50 to 60 seconds or an increase
from 110 to 120 seconds? Explain how your answer is illustrated in
the shape of your graph.

Unit 1

8

The Water World Amusement Park has a huge swimming
pool with a wave machine that makes you feel like you
are swimming in an ocean. Unfortunately, the pool is
uncovered and unheated, so the temperature forecast
for a day affects the number of people who come to
Water World.
On a summer day when the forecast called for a high
temperature of 90°F, about 3,000 people visited the park.
On another day, when the forecast called for a high
temperature of 70°F, only 250 people came for the
ocean-wave swimming.

a. Complete this table of (temperature forecast, number
of swimmers) data in a way that you think shows the
likely pattern relating temperature forecast to number
of swimmers.
Temperature Forecast (in °F)
Number of Swimmers

70

75

250

80

85

90

95

3,000

b. Graph the data in Part a. Then draw a line or curve that seems to
match the pattern in your data points and could be used to predict
number of swimmers at other temperatures.

c. Describe the pattern of change in number of swimmers as
temperature forecast increases and explain how much confidence
you would have in using that pattern to predict number of
swimmers on any particular day.

d. Use your table and/or graph to estimate the number of swimmers
for temperatures of:

i. 77°F

ii. 83°F

iii. 98°F

e. Suppose that Water World charges $15 for admission. Use this
information and your estimates for number of swimmers at various
forecast temperatures to make a table and graph showing the
relationship between forecast high temperature and park income.

f. Use the information from Part e to estimate the park income when
the high temperature is forecast to be:

i. 87°F

ii. 92°F

g. Why would you have limited confidence in using the data patterns
of Parts a and e to predict park income when the forecast high
temperature is 40°F or 110°F?

LESSON 1 • Cause and Effect
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On Your Own
b. Race speed decreases rapidly as time increases from 40 seconds, but
for higher times the increase in time does not produce as significant a
reduction in speed.
ᎏ
c. s = 100
t
d. The change from 50 seconds to 60 seconds produces the greater
reduction in race speed. That is shown by the fact that the graph drops
more rapidly for increases in time at lower times.

8

a–e. Answers to each part of this task will vary, but there ought to be

Unit 1

a general trend for increase in temperature to cause increase in
number of customers (except perhaps when it begins to get too
hot).

f. The projected income should be obtained by multiplying the number
of customers by $15 in each case.

g. With very low or very high temperatures, the patterns set at more
reasonable swimming temperatures might have little relevance, since
almost no one would go swimming in 40°F weather or even in 110°F
weather.

Cause and Effect
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On Your Own

Connections
These tasks will help you to build links between mathematical topics
you have studied in the lesson and to connect those topics with other
mathematics that you know.

9

The table below shows latitude of some major northern hemisphere
cities and the average high temperatures in those cities in
mid-summer and in mid-winter. Use that data and the scatterplots
on page 19 to answer Parts a–c about the relationship between
latitude and typical temperatures.

Unit 1

a. Does the pattern of points relating mid-summer average high
temperature to geographic latitude suggest a close relationship
between those variables? Explain your reasons for saying yes or no.

b. Does the pattern of points relating mid-winter average high
temperature to geographic latitude suggest a close relationship
between those variables? Explain your reasons for saying yes or no.

c. What factors other than latitude might influence summer and
winter temperatures?
City
Athens, Greece

18

UNIT 1 • Patterns of Change

UNIT 1 • Patterns of Change

40

89

56

Bangkok, Thailand

14

90

90

Barrow, Alaska

72

45

–7

Berlin, Germany

53

74

35

Bombay, India

19

86

85

Cairo, Egypt

30

94

66

Chicago, Illinois

42

84

29

Jerusalem, Israel

32

84

53

7

83

90

London, England

51

71

44

Los Angeles, California

34

84

68

Mexico City, Mexico

19

74

70

Miami, Florida

26

89

75

Manila, Philippines

14

89

86

New York City, New York

41

84

37

Reykjavik, Iceland

64

56

35

Lagos, Nigeria

18

Latitude
Mid-Summer
Mid-Winter
Degrees N Temperature °F Temperature °F

Seattle, Washington

48

75

45

Tokyo, Japan

36

84

49

On Your Own

Connections
9

a. The scatterplot shows some trend for higher latitude cities to have
lower temperatures. However, there is little midsummer variation due
to latitude among cities in the lower latitudes.

b. The scatterplot shows a fairly consistent trend for higher latitude cities
to have lower midwinter temperatures.

c. Among the factors students may include are those that deal with
geographic differences such as distance above sea level and location
near or far from large bodies of water like oceans.

Unit 1
Cause and Effect
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Random events such as the outcomes of flipping a fair coin often have
predictable patterns.

a. What is the probability of flipping a coin once and getting a head?
b. What is the probability of flipping a coin two times and getting
two heads?

c. What is the probability of flipping a coin three times and getting
three heads?

d. What is the probability of flipping a coin four times and getting
four heads?

e. How would you describe the pattern in the probabilities of getting
all heads as the number of coin tosses increases?

11

Jamal’s average on history quizzes changed throughout the first quarter.

a. After the first two quizzes, his average was 7, but he earned a 9 on
the third quiz. What was his average for the first three quizzes?

b. After the first eight quizzes, his average had slipped again to 7, but
he earned 9 on the ninth quiz. What was his average for all nine
quizzes of the quarter?

c. Why did Jamal’s 9 on the third quiz improve his overall average
more than his 9 on the ninth quiz?

12

When the value of a quantity changes, there are several standard
ways to describe how much it has changed. For example, if a boy
who is 60 inches tall at the start of grade 8 grows to 66 inches twelve
months later, we could say his height has increased:
• by 6 inches (the difference between original and new height)
• by 10% (the relative or percent change in his height)
• by 0.5 inches per month (an average rate of change)
Express each of the following quantitative changes in three ways
similar to those above:

a. The enrollment of Wayzata High School increased from 1,000 to
1,250 in the five-year period from 1998 to 2003.

b. The balance in a student’s bank savings account increased from
$150 to $225 while she worked during the three-month summer
break from school.
LESSON 1 • Cause and Effect
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On Your Own
10

a. There are two possible equally likely outcomes, “heads” or “tails,” so
1
the probability is ᎏ2.
b. There are four possible equally likely outcomes: HH, HT, TH, or TT. So
1
the probability of getting two heads is ᎏ4.
c. A tree diagram will show 8 possibilities, one of which is three heads.
1
Thus, the probability of getting three heads is ᎏ8.
d. A tree diagram will show 16 possibilities, one of which is four heads.
1
Thus, the probability of getting four heads is ᎏ
16.
e. As the number of coins increases by one, the probability of getting all

11

Unit 1

1
heads decreases by a factor of 0.5. (The rule p = ᎏ
2n, where p is the
probability of getting all heads and n is the number of coin flips, could
also be used to describe the situation.)
7+7+9
a. ᎏ
≈ 7.67
3

8·7+9
b. ᎏ
≈ 7.22
9

c. With only three scores, the 9 score has more of an “influence” on the
average. In other words, in Part a, the 9 is a higher percentage of the
total points earned (23) than in Part b (65). (One way to illustrate this
idea is to picture 1,000 quizzes with one 9 and 999 7s. This 9 has even
less influence than the one in Part b, and the average score continues
to get closer to 7.)

12

a. (1) Enrollment increased by 250 students.
(2) by 25%
(3) by an average of 50 students per year

b. (1) The balance increased by $75.
(2) by 50%
(3) by an average of $25 per month

Cause and Effect
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On Your Own
c. The supply of soft drinks in a school vending machine decreased
from 200 to 140 during the 8 hours of one school day.

d. From the start of practice in March until the end of the track
season in June, Mike’s time in the 800-meter race decreased from
2 minutes 30 seconds to 2 minutes.

13

The related variables you studied in Investigations 1–3 and in
Applications Tasks 1–8 are only a few of the many situations in which
it helps to understand the pattern relating two or more variables.

a. Write a sentence in the form “____________ depends on ____________”
or “____________ is a function of ____________” that describes a
situation with which you are familiar.

Unit 1

b. For the situation you described in Part a:
i. Explain how change in one variable relates to or causes
change in the other.

ii. Make a table showing at least 5 sample pairs of values that
you would expect for the related variables.

iii. Plot a graph of the sample data in part ii and connect the
points in a way that makes sense (if at all).

Reflections
These tasks provide opportunities for you to re-examine your thinking about
ideas in the lesson.

14

Experimentation with one bungee cord suggested that the rule
L = 30 + 0.2w would be a good predictor of the stretched cord length
as a function of jumper weight. The operators of the bungee jump
decided to adjust the jump-off point for each jumper to the height L
calculated from the rule. What reasons can you think of to question
that plan?

15

The student government at Banneker High School decided to set up a
Velcro® jump (pictured at the left) as a fund-raiser for a school trip.
They did a survey to see how many students would try the Velcro
jump at various prices.
The data were as follows:
Price per Jump (in dollars)
Expected Number of Jumps

0.50
95

1.00
80

2.00
65

3.00
45

5.00
15

When several groups of Banneker mathematics students were asked
to study the survey data about profit prospects of the rented Velcro
jump, they produced different kinds of reports.
How would you rate each of the following reports, on a scale of
5 (excellent) to 0 (poor)? Explain why you gave each report the
rating you did.

20

20
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c. (1) The number of drinks decreased by 60.
(2) by 30%
(3) by an average of 7.5 drinks per hour

d. (1) Mike’s time decreased by 30 seconds.
(2) by 20%
(3) by an average of 7.5 seconds per month

13

Answers will vary, depending on examples of situations that students
choose to describe.

14

Unit 1

Reflections
There should be some margin of error, especially on the safe side.

Cause and Effect
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Report a: Making Money for Banneker
The survey shows that a price of $0.50 will lead to the most customers, so
that will bring in the biggest profit.

Report b: Sticking it to the Velcro Customers

Unit 1

The survey shows that the more you charge, the fewer customers you will
have. If you multiply each price by the expected number of customers, you
get a prediction of the income from the Velcro jump.
When we did that, we found that a price of $3.00 leads to the greatest
income, so that is what should be charged. If you want to let the most kids
have fun, you should charge only $0.50. If the operators don’t want to
work very hard, they should charge $10, because then no one will want to
pay to jump.

Report c: Velcro Profit Prospects
Data from our market survey suggest a pattern in which the number of
customers will decrease as the price increases. Each increase of $1 in the
price will lead to a decrease of 15–20 customers. This pattern is shown in a
plot of the survey data.
The trend in the data is matched well by the line drawn on the graph that
follows. That line also helps in predicting the number of customers for prices
not included in the survey.

 

Velcro Customer Prospects









To see how the amount of money earned by the Velcro game would be
related to the price per jump, we added another row to the table, showing
income. For example, 95 customers at $0.50 per jump will bring income
of $47.50.
Price per Jump
(in dollars)

0.50

1.00

2.00

3.00

5.00

Expected Number
of Jumps

95

80

65

45

15

Expected Income
(in dollars)

47.50

80.00

130.00

135.00

75.00

LESSON 1 • Cause and Effect
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The purpose of this task is to stimulate student discussion of what
constitutes good work in reporting results of a mathematical investigation.
Student responses to the specific samples will vary, so the value of the
item will come from full-class discussion. Obviously, we have in mind
that Report c is most attractive because it is complete, illustrated by
graphs and accurate in its conclusions.
Some suggestions follow.
Report a is not only incomplete but it is incorrect. It should receive a
rating of 0.
Report b might receive a rating of a 3. This report reaches a reasonable
conclusion from the table but does not consider the expected incomes for
ticket prices other than those in the table. Since the table values jump
from $2 to $3 to $5, one should consider ticket prices between those
values also. Good reports would provide more detail including graphs for
the reader. The last two sentences deviate from the issue of obtaining the
most income.
Report c should receive the highest rating, likely a 5. This report
outlines the full analysis needed to reach the conclusion and provides
graphs. This report explains to the reader the thinking behind the
conclusions in a way that is easily understood by the reader. The
mathematics is accurate, leading to a correct conclusion.
ELL TIPS To aid English Language Learners in your classroom allow them to
use their native language when answering questions whether you speak the
language or not. This can enable them to build a foundation of math concepts.

Why Assign Connections and Reflections Tasks?
To help students focus on making sense, understand the overall picture, make
connections, and reflect on their own thinking and to assist in retention of the
concepts and skills learned in investigations, Connections and Reflections tasks
have been developed for each homework set.
Connections tasks offer opportunities for students to consolidate the formal
mathematics developed in the lesson and to make connections with
mathematics in the current strand and other strands. Identifying and using
connections among concepts and skills helps students to be more flexible in
the use of their mathematical knowledge. Assigning the Connections tasks and
then discussing them as a class can help develop mathematical expertise by
encouraging students to see the overall picture of the mathematics they are
learning.
Reflection tasks are designed to provide opportunities for students to process
their learning and think about their thinking. These tasks ask students to
reflect on their thinking and promote self-monitoring and self-assessment.

Cause and Effect
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Velcro Profit Prospects



A graph of the price per
jump and income data is
shown at the right. It
suggests that a price
between $2 and $3 per
jump will lead to the
greatest income. Since
the rental charge is a
fixed dollar amount,
greatest income means
greatest profit.



16







If you were asked to look for a pattern relating the values of two
variables in a problem, would you prefer to have:
• a table of (x, y) data,
• a plot of points with coordinates (x, y), or
• a symbolic rule showing how values of y could be calculated
from values of x?
Explain the reasons for your choice.

17

When there appears to be a relationship between values of two
variables, how do you decide which should be considered the
independent variable and which should be considered the
dependent variable?

Extensions
These tasks provide opportunities for you to explore further or more deeply
the mathematics you are learning.

18

22

22
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Suppose that for a fund-raising
event, your school can rent a
climbing wall for $275. Complete
the following tasks to help find
the likely profit from using the
climbing wall at the event.

On Your Own
16

Student preferences and explanations will vary.

17

Student responses should include whether or not the changing of one
variable causes change in the other variable. Though, in general, it is not
good practice to define a word using a form of the word, in this case,
student use of the word depend may be an effective reinforcement of
the terms in question.

Extensions
Answers will vary depending on the survey data reported in Part a. The
general pattern of work should be similar to that of the Bungee Business
problem.

Unit 1

18
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a. Do a survey of your class to find out how many customers you
might expect for various possible prices. Then use your data to
estimate the number of students from your whole school who
would try the climbing wall at various possible prices.
Climb Price (in dollars)

1

2

3

4

5

6

7

8

9

10

Number of Customers

b. Plot a graph of the survey data and explain how it shows the pattern

Unit 1

of change relating number of customers to climb price. Be sure to
explain which number it makes sense to consider the independent
variable and which the dependent variable in this situation.

c. Display the data relating number of customers to climb price in a
table and a graph. Then use the pattern in the data to estimate the
income that would be earned at various possible prices.

d. What do you recommend as the price that will maximize profit
from the climbing wall rental? Explain how your decision is based
on patterns in the data tables and graphs you’ve displayed.

19

One of the most important principles of physics
is at work when two kids play on a teeter-totter.
You probably know that for two weights on
opposite sides of the fulcrum to balance, those
weights need to be placed at just the right
distances from the fulcrum.

a. Suppose that a 50-pound weight is placed at
one end of a teeter-totter, 6 feet from the
fulcrum. How far from the fulcrum should
a person sit to balance the 50-pound weight
if the person weighs:

i. 50 pounds
ii. 100 pounds
iii. 150 pounds
(If you are unsure of the physical relationship required
to make a balance, do some experiments with a meter
stick as the teeter-totter and stacks of pennies as the
weights.)

D

b. Sketch a graph showing the distance from the fulcrum required for
various weights to balance a 50-pound weight that has been placed
on the opposite side, 6 feet from the fulcrum. Describe the pattern
relating distance from the fulcrum to the counter-balancing weight.

c. What rule relates distance from the fulcrum d (in feet) to weight w
(in pounds) when the weight balances a 50-pound weight on the
opposite side and 6 feet from the fulcrum?
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On Your Own
19

a. The general lever principle involved says that the products of weights
and distances from the fulcrum should be the same. For example, in
this case:

i. 50 pounds at 6 feet from the fulcrum will balance the same weight
at the same distance on the other side of the fulcrum.

ii. 100 pounds at 3 feet will balance 50 pounds at 6 feet from the
fulcrum.

iii. 150 pounds at 2 feet will balance 50 pounds at 6 feet from the
fulcrum.

b. As the weight on one side increases, its required distance decreases

Unit 1

rapidly at first and then more slowly. The pattern is shown by the
following plot of sample data pairs.
D

W

ᎏ
c. The rule d = 300
w will give distance required by a weight w to balance
a 50-pound weight positioned 6 feet from the fulcrum.

Cause and Effect
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20

In many problems, it is helpful to express the relationship between
dependent and independent variables with a symbolic rule that shows
how values of one variable can be calculated from the values of the
other.

a. If number of customers n at a bungee jump is related to price per
jump p by the rule n = 50 - p, what rule shows how to calculate
income I from values of n and p? What rule shows how to
calculate values of I from the value of p alone?

b. What rule shows how to calculate Ethan and Anna’s allowance on
day n of a month if they receive 1 penny on day one, 2 pennies on
day two, 4 pennies on day three, 8 pennies on day four, and so on?

Unit 1

c. Devon and Kevin were offered a pay scheme for work at Fresh Fare
Market that would earn each of them $0.10 for the first hour in a
week, $0.20 for the second hour, $0.40 for the third hour, $0.80 for
the fourth hour, and so on. What rule shows how to calculate their
pay for the nth hour in a week?

Review
These tasks provide opportunities for you to review previously learned
mathematics and to refine your skills in using that mathematics.

21

Suppose a fair die is rolled.

a.
b.
c.
d.
22

What is the probability that the top face is a 6?
What is the probability that the top face is a 3?
What is the probability that the top face is an even number?
What is the probability that the top face is not a 6?

Micah and Keisha are renting a boat. The charge for the boat is $25
for the first hour and $12 for every hour (or portion of an hour) after
the first.

a. How much will it cost if they rent the boat at 1:00 P.M. and return
it at 3:50 P.M.?

b. They have been saving money all summer and have $80. What is
the maximum amount of time that they can keep the boat?

23

The speed at which you travel, the length of time you travel, and
the distance you travel are related in predictable ways. In particular,
speed · time = distance. Use this relationship to help you answer the
following questions.

a. Dave rides his bike for 2 hours with an average speed of 8.6 miles
per hour. How far does he travel?

b. Kristen lives 4 miles from her friend’s house. It is 2:30 P.M. and she
needs to meet her friend at 3:00 P.M. How fast must she ride her
bike in order to get to her friend’s house on time?

c. Jessie leaves home at 7:30 A.M. and rides his bike to school at a
speed of 9 miles per hour. If his school is 3 miles from his house,
what time will he get to school?

24

24
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On Your Own
20

a. I = pn; I = p(50 - p)
b. a = 2n - 1 pennies or a = 0.5(2n) pennies
n-1
n - 1) or
c. w = 2ᎏ
10 = 0.1(2
w = 0.05(2n) or

w = 0.05(2n) pennies

Review
Just in Time
a. 1ᎏ6

b. 1ᎏ6

c. 1ᎏ2

d. 5ᎏ6

22

a. $49
b. 5 hours

23

a. 17.2 miles
b. 8 mph
c. 7:50 A.M.

NOTE See the information
about the use of just-in-time
review tasks in the Unit
Overview. A clock icon will
designate these tasks. Check
the Unit Planning Guide for
appropriate times to assign
the tasks.
INSTRUCTIONAL NOTE
Review Task 23 offers an
opportunity for students
to recognize that rounding
decisions are sometimes
influenced by the context of
the problem.
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Consider this scale drawing of Mongoose Lake. Using the given scale,
estimate the perimeter to the nearest 10 meters and the area to the
nearest 100 square meters.






25

Convert each of these percents into equivalent decimals.

a.
b.
c.
d.
26

27

5.4%
0.8%
0.93%

The table below gives some measurements associated with four
different rectangles. Use the relationships between the lengths of the
sides of a rectangle and the area and perimeter of a rectangle to
complete the table.
Perimeter (in cm)

Area (in cm2)

10

?

?

?

42

?

25

?

150

?

28

40

Length (in cm)

Width (in cm)

25
15
?
?

Convert each of these decimals into equivalent percents.

a.
b.
c.
d.
28

75%

0.8
0.25
2.45
0.075

Suppose that a student has $150 in a bank savings account at the start
of the school year. Calculate the change in that savings account
during the following year in case it

a.
b.
c.
d.

earns 5% interest over that year.
grows from monthly deposits of $10 throughout the year.
earns 6.5% interest over that year.
declines by 8.7% over the year because withdrawals exceed
interest earned.

e. declines at an average rate of $2.50 per month.
LESSON 1 • Cause and Effect
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On Your Own
24

Students’ estimates will vary.
Perimeter ≈ 320 m; Area ≈ 6,400 m2

Just in Time
26

a. 0.75

b. 0.054

c. 0.008

d. 0.0093

Width (in cm)

Perimeter (in cm)

Area (in cm2)

25

10

70

250

15

6

42

90

6

25

62

150

10

4

28

40

27

a. 80%
d. 245%

b. 25%
e. 7.5%

28

Assuming that the interest is paid only once per year (not a common
interest payment scheme and one that will be refined in the next lesson
and later in the Exponential Functions unit):

Unit 1

Length (in cm)

c. 0.5%
f. 300%

a. The change will be 5% of $150 or $7.50, giving a new balance of

Teaching Resources
Assessment Masters 13–21.
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Date _____________________________

$157.50.

b. The change will be 12 × $10 or $120, giving a new balance of $270.
c. The change will be 6.5% of $150 or $9.75, giving a new balance of
$159.75.

d. The change will be 8.7% of $150 or a loss of $13.05, giving a new

Name ____________________________

LESSON 1 QUIZ
Form A
1. The Debate Team at your school is selling cookies as a fund-raiser. You need to decide how much to
charge for each cookie. You take a poll and estimate the total number of cookies that you can sell at
different prices. The results are provided in the table below.
Price per Cookie (in cents)
Number of Cookies Sold

20

30

40

60

75

600

500

400

200

50

a. In this situation, which variable is naturally independent and which is dependent?
Explain your reasoning.
Independent:

Dependent:

Explanation:

b. Plot the given data on the coordinate grid provided below.
1,000
900

balance of $136.95.

800
Number of Cookies Sold

25

e. The change will be a 12 × $2.50, or $30, decrease, giving a new

700
600
500
400
300
200
100

balance of $120.

0
0

10 20 30 40 50 60 70 80 90 100
Price per Cookie (in cents)

c. Use the pattern in the table or graph to estimate the number of cookies you will sell if you sell
them for 35¢ each. For 70¢ each. Explain your reasoning.
35¢ each:

70¢ each:

Explanation:

Assessment Master • use after Lesson 1
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E

very 10 years, the U.S. Census Bureau counts every
American citizen and permanent resident. The 2000 census
reported the U.S. population to be 281 million, with growth
at a rate of about 1% each year. The world population is
over 6 billion and growing at a rate that will cause it to
exceed 9 billion by the year 2050.

26

26
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I

n many situations, our interest in change is focused on a single variable that
changes in value as time passes. While there are often many factors contributing
to the change in that variable, instead of trying to detect quantitative cause-andeffect relationships among those factors, we often focus simply on the change over
time of the single variable. The most common examples of such focus on change
over time are in various population studies and in economic analyses where
interest or inflation rates cause bank balances or prices to grow as time passes.
Throughout work on the problems of this lesson, students will be asked to use
tables, graphs, and rules to describe, represent, and analyze patterns in variables
that change with the passage of time.
This lesson is designed to develop students’ understanding and skill in analyzing
such “change over time” situations. It emphasizes an iterative or recursive
perspective in which one compares the value of a variable at one point in time to
the value of that same variable at successive, equally-spaced points in time. The
primary vehicle for expressing such patterns of change is the NOW-NEXT rule.
Two types of NOW-NEXT relationships are of particular interest:
NEXT = NOW ± C gives the pattern leading to linear functions, and
NEXT = C · NOW gives the pattern leading to exponential functions.
Each of these special types of functions will be studied in detail in subsequent
Course 1 units, so the goal in this first unit is to sensitize students to the
characteristic patterns as an intuitive foundation for more technical work ahead.
The combination of these patterns in the form NEXT = C · NOW ± D is also of
considerable interest, but it does not lead to a simple closed form function rule.

Lesson Objectives
•
•
•
•

Develop ability to recognize recursive patterns of change
Develop ability to use calculators to iterate stages in a recursive pattern
Develop ability to write NOW-NEXT rules to represent recursive patterns
Develop ability to write and use spreadsheet formulas to explore recursive
patterns of change (optional)
• Use iteration to solve problems about population and money change over time

Change Over Time
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World Population 1650–2050

Unit 1



National, state, and local governments and
international agencies provide many services
to people across our country and around the
world. To match resources to needs, it is
important to have accurate population
counts more often than once every 10 years.
However, complete and accurate census counts
are very expensive.

-ÕÀVi\ÊÜÜÜ°ViÃÕÃ°}ÛÉ«VÉÜÜÜÉÜÀ`° Ì

Think
This

About

Situation

The population of the world and of individual countries, states, and cities changes
over time.

a How would you describe the pattern of change in world population from 1650 to 2050?
b What do you think are some of the major factors that influence population change of a
city, a region, or a country?

c

How could governments estimate year-to-year population changes without making a
complete census?

Your work on investigations of this lesson will develop your understanding
and skill in using algebra to solve problems involving variables like
populations that change as time passes.

I nvesti
nvestiggation

1

Predicting Population Change

If you study trends in population data over time, you will often find
patterns that suggest ways to predict change in the future. There are several
ways that algebraic rules can be used to explain and extend such patterns of
change over time. As you work on the problems of this investigation, look
for an answer to this question:
What data and calculations are needed to
predict human and animal populations into the future?

LESSON 2 • Change Over Time
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Think
This

About

Situation

The population of the world and of individual countries, states,
and cities changes over time.

a How would you describe the pattern of change in world
population from 1650 to 2050?

a Over fairly short periods of time, world population does not always

b What do you think are some of the major factors that inﬂuence
population change of a city, a region, or a country?

grow exponentially or at a constant exponential rate. However, when
considered over many centuries, it has followed such a pattern (though
there are some indications that recent growth is at a faster exponential
rate). The typical effect of exponential growth is shown in the graph.
The point of this TATS is not to introduce exponential growth, but to
get students thinking about new and nonlinear patterns of change.

changes without making a complete census?
World Population 1650–2050
10

Population
(in billions)

8

6

4

2

0
1650

22
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1750

1850
Year

1950

2050

Transparency Master • use with page 27

famines, people moving to cities for work, immigration, and many other
factors.

c Estimates of population change between census counts can be based
on samples of birth and death records and small-scale replication of
census surveys in selected regions.

I nvesti
nvestiggation

1

Predicting Population Change

This investigation has two parts—the first focuses on population change in
Brazil, without considering migration. That gives a simple NOW-NEXT
relation in the general form NEXT = NOW + X%NOW. The second part of
the investigation focuses on whale populations where hunting by indigenous
people introduces a new consideration and a NOW-NEXT relation in the form
NEXT = X%NOW - C.

COLLABORATION SKILL
Keep track of time.

Problems 1 and 2 can be done as a whole class using large sheets of chart
paper to record the change, total population, and plot graphs with a few
different vertical scales. Exponential growth with low growth rates is fairly
linear for a long time. The point here is the iterative way of thinking. In Unit 5,
Exponential Functions, students will learn much more about exponential growth
and decay.

Change Over Time
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b Population change of a region can be affected by war, fatal diseases,

c How could governments estimate year-to-year population

People Watching Brazil is the largest country in South America. Its
population in the year 2005 was about 186 million.
Census statisticians in Brazil can estimate change in that country’s
population from one year to the next using small surveys and these facts:
Population Change in Brazil
• Based on recent trends, births every year equal about 1.7% of the total
population of the country.
• Deaths every year equal about 0.6% of the total population.
Source: CIA—The World Factbook 2005

Unit 1

1

How much was the estimated change in Brazil’s population from 2005
to 2006 due to:

a. births?
2

b. deaths?

c. both causes combined?

Calculate estimates for the population of Brazil in 2006, 2007, 2008,
2009, and 2010. Record those estimates and the year-to-year changes
in a table like the one below.

Population Estimates for Brazil
Year

Change
(in millions)

Total Population
(in millions)

2005

—

186

2006

?

?

2007

?

?

2008

?

?

2009

?

?

2010

?

?

a. Make a plot of the (year, total population) data.
b. Describe the pattern of change over time in population estimates
for Brazil. Explain how the pattern you describe is shown in the
table and in the plot.

3

Which of these strategies for estimating change in Brazil’s population
from one year to the next uses the growth rate data correctly? Be
prepared to justify your answer in each case.

a. 0.017(current population) - 0.006(current population) = change in
population

b. 0.011(current population) = change in population
c. 0.17(current population) - 0.06(current population) = change in
population

d. 1.7%(current population) - 0.6% = change in population
4

Which of the following strategies correctly use the given growth rate
data to estimate the total population of Brazil one year from now? Be
prepared to justify your answer in each case.

a. (current population) + 0.011(current population) = next year’s
population

28

28
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1
2

a. 3.16 million

b. -1.12 million

Year

Change
(in millions)

2005

—

c. 2.04 million
Total Population
(in millions)
186

Teaching Resources
Student Master 23.
UNIT

2006

2.0460

188.046

2007

2.0685

190.115

1

Patterns of Change

Name ____________________________
Date _____________________________

Population Change in Brazil
Problem 2
• Based on recent trends, births every year equal about 1.7% of the
total population of the country.
• Deaths every year equal about 0.6% of the total population.

2008

2.0913

192.206

2009

2.1143

194.320

Population Estimates for Brazil
Year

Change
(in millions)

Total Population
(in millions)

2005

—

186

2006
2007

2010

2.1375

196.458

2008
2009
2010

from one year to the next. Eventually, this will produce noticeable
effects in the total population. But for such a small percent growth
rate and only a few years, the typical exponential up-surge will not
be noticed in a table or a plot. The appearance of the plot of the
total population data will depend on scales chosen and whether one
wants to keep (0, 0) in the picture. (See Instructional Note above.)

3

Unit 1

a–b. The table shows that the population change is increasing slowly
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a. Correct use of growth data: 0.017 stands for 1.7% of current
population (births) and minus 0.006 is subtracting 0.6% of the current
population (deaths).

b. Correct use of growth data: The net increase is 1.1%, or 0.011 times
the current population.

c. Incorrect: These decimals stand for 17% and 6%, not correct data.
d. Incorrect: “0.6%” is simply a number, 0.006. We want to subtract a
percent of the current population, not a constant 0.006.

4

a. Correct; This means adding 1.1% of the current population to the
current population.

b. Correct; The three parts combine to 1.1% of the current population.
c. Correct; 1.011 times current population
d. Incorrect; Using 1.7 and 0.6 as numbers, not percents

Change Over Time
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b. (current population) + 0.017(current population) - 0.006(current
population) = next year’s population

c. 1.011(current population) = next year’s population
d. 186 million + 1.7 million - 0.6 million = next year’s population
5

Use the word NOW to stand for the population of Brazil in any year
and the word NEXT to stand for the population in the next year to
write a rule that shows how to calculate NEXT from NOW. Your rule
should begin “NEXT = ...” and then give directions for using NOW to
calculate the value of NEXT.

The Whale Tale In 1986, the International

Unit 1

Whaling Commission declared a ban on
commercial whale hunting to protect the small
remaining stocks of several whale types that had
come close to extinction.
Scientists make census counts of whale
populations to see if the numbers are increasing.
While it’s not easy to count whales accurately,
research reports have suggested that one
population, the bowhead whales of Alaska, was
probably between 7,700 and 12,600 in 2001.
The difference between whale births and
natural deaths leads to a natural increase of
about 3% per year. However, Alaskan native
people are allowed to hunt and kill about
50 bowhead whales each year for food, oil, and
other whale products used in their daily lives.

6

Assume that the 2001 bowhead whale population in Alaska was the
low estimate of 7,700.

a. What one-year change in that population would be due to the
difference between births and natural deaths?

b. What one-year change in that population would be due to hunting?
c. What is the estimate of the 2002 population that results from the
combination of birth, death, and hunting rates?

7

Use the word NOW to stand for the Alaskan bowhead whale
population in any given year and write a rule that shows how to
estimate the population in the NEXT year.

8

Which of the following changes in conditions would have the greater
effect on the whale population over the next few years?
• decrease in the natural growth rate from 3% to 2%, or
• increase in the Alaskan hunting quota from 50 to 100 per year

LESSON 2 • Change Over Time
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5

NEXT = 1.011 · NOW
Other forms such as NEXT = NOW + 0.011 · NOW may also be correct.

COMMON CONCEPTUAL CHALLENGE The fact that a percent increase like 5% on
a base of B can be expressed in two ways (as B + 0.05B or as 1.05B) is one of
the most useful, but consistently puzzling, algebraic manipulations for students. Be
sure to have students work through Problems 3 and 4 carefully and try to make
sure that students are convinced that the basic identity B + 0.05B = 1.05B is
true. In some sense, it is a rather direct application of the distributive property of
multiplication over addition. The implicit “1” in front of the first B seems to cause
students difficulty.

Unit 1

6

INSTRUCTIONAL NOTE
You may wish to have a
quick whole class discussion
around Problems 3–5
before most groups begin
Problem 6.

Starting from the low estimate of 7,700 whales:

a. +231 whales
b. -50 whales
c. +181, or 7,881 whales
7

NEXT = 1.03 · NOW - 50 or NEXT = NOW + 0.03 · NOW - 50

8

Changing the growth rate from 3% to 2% would have the greater effect on
the whale population over the next few years.
Year

2001

2002

2003

2004

2005

NEXT = 1.03 · NOW - 50

7,700

7,881

8,067

8,259

8,457

7,700

7,804

7,910

8,018

8,128

NEXT = 1.03 · NOW - 100

7,700

7,831

7,965

8,104

8,248

NEXT = 1.02 · NOW - 50

(Some students may think quantitatively as follows: In the first year,
a 1% decrease in the growth rate for an initial population of 7,700 whales
would result in 77 fewer whales; however, a change in the hunting quota
from 50 to 100 would result in only 50 fewer whales. Since the NEXT
whale population increases each year, the 2% growth rate will continue
to outweigh the increase of 50 whales to the hunting quota.)

Change Over Time
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In studies of population increase and decrease, it is often important to
predict change over many years, not simply from one year to the next. It is
also interesting to see how changes in growth factors affect changes in
populations. Calculators and computers can be very helpful in those kinds
of studies.
For example, the following calculator procedure gives future estimates of
the bowhead whale population with only a few keystrokes:

Calculator commands

Expected display

Unit 1

7700
.03

9



Answer

Answer

50

Examine the calculator procedure above.

a. What seem to be the purposes of the various keystrokes and
commands?

b. How do the instructions implement a NOW-NEXT rule for
predicting population change?

10

Modify the given calculator steps to find whale population predictions
starting from the 2001 high figure of 12,600 and a natural increase of
3% per year.

a. Find the predicted population for 2015 if the annual hunt takes
50 whales each year.

b. Suppose that the hunt takes 200 whales each year instead of 50.
What is the predicted population for 2015 in this case?

c. Experiment to find a hunt number that will keep the whale
population stable at 12,600.

30

30
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9

a. Pressing 7700

places the value of 7,700 in the memory of the
calculator under ANS. The second set of keystrokes calls up the 7,700
current population and multiplies by 0.03 for the 3% growth, adds
the 7,700, and subtracts the 50 hunting amount. Repeatedly pressing
continues to take the previously computed answer and
recomputes the 3% growth and subtracts the 50 hunting amount.

b. The ANS represents the NOW value of the NOW-NEXT formula.
Pressing

10

computes the NEXT value defined by the formula.

a. The predicted 2015 population is around 18,204 whales.
b. With the change in the hunt amount, the 2015 projection is 15,641

Unit 1

whales.

c. If the number of whales hunted was increased to 378 (3% of 12,600),
the population would stabilize.

Change Over Time
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Summarize
the Mathematics
In the studies of human and whale populations, you made estimates for several
years based on growth trends from the past.
a What trend data and calculations were required to make these estimates:

Unit 1

i. The change in the population of Brazil from one year to the next? The new total
population of that country?
ii. The change in number of Alaskan bowhead whales from one year to the next? The
new total whale population?

b What does a NOW-NEXT rule like NEXT = 1.03 · NOW - 100 tell about patterns of
change in a variable over time?

c

What calculator commands can be used to make population predictions for many years
in the future? How do those commands implement NOW-NEXT rules?

Be prepared to share your thinking with the class.

Check Your Understanding
The 2000 United States Census reported a national population of about
281 million, with a birth rate of 1.4%, a death rate of 0.9%, and net
migration of about 1.1 million people per year. The net migration of
1.1 million people is a result of about 1.3 million immigrants entering and
about 0.2 million emigrants leaving each year.

a. Use the given data to estimate the U.S. population for years 2001, 2005,
2010, 2015, 2020.

b. Use the words NOW and NEXT to write a rule that shows how to use
the U.S. population in one year to estimate the population in the next
year.

c. Write calculator commands that automate calculations required by your
rule in Part b to get the U.S. population estimates.

d. Modify the rule in Part b and the calculator procedure in Part c to
estimate U.S. population for 2015 in case:

i. The net migration rate increased to 1.5 million per year.
ii. The net migration rate changed to -1.0 million people per year.

That is, if the number of emigrants (people leaving the country)
exceeded the number of immigrants (people entering the country)
by 1 million per year.

LESSON 2 • Change Over Time
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PROMOTING
MATHEMATICAL
DISCOURSE

Summarize
the Mathematics
a
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b The NOW-NEXT rule shows that the variable amount will both increase

UNIT
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Summarize
the Mathematics

In the studies of human and whale populations, you made
estimates for several years based on growth trends from
the past.

a What trend data and calculations were required to make these
estimates:
i. The change in the population of Brazil from one year to
the next? The new total population of that country?
ii. The change in number of Alaskan bowhead whales from
one year to the next? The new total whale population?

Unit 1

i. We needed to know: birth rate, death rate, growth rate (calculated
from birth and death rate), and the starting population.
Calculations were: (1 + growth rate) × starting population.
ii. We needed to know the birth rate, natural death rate, (net growth
rate), the starting population, and the annual number of whales
hunted. Calculations were: (1 + growth rate) × starting population
- number of whales hunted.

b What does a NOW-NEXT rule like NEXT = 1.03 · NOW - 100
tell about patterns of change in a variable over time?

c What calculator commands can be used to make population
predictions for many years in the future? How do those
commands implement NOW-NEXT rules?
Be prepared to share your thinking with the class.

(by 3%) and decrease (by 100) over each unit of time. (Whether or not
the values will be increasing or decreasing over the long run depends
on the starting NOW value. Students have not yet seen a situation with
a starting value that leads to a decrease in the long run.)
24
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c Calculator commands enter the starting population and then generate
answers using the ANS feature in a rule. Repeatedly pressing
estimates for future years. The specific rule used involves the growth
rate and other added or subtracted increases or decreases.

PROCESSING PROMPT Our group kept track of time by … and by … .

MATH TOOLKIT Some
students may wish to add an
example of a NOW-NEXT rule
and the calculator procedure
key to
for using the
find values recursively.

Check Your Understanding
a.

Year

U.S. Population
(in millions)

2000

281

2001

283.505

2005

293.651

2010

306.621

2015

319.919

2020

333.553

b. NEXT = 0.005 · NOW +
NOW + 1.1, starting at
281, or NEXT = 1.005 ·
NOW + 1.1

ASSIGNMENT NOTE If you
omit Investigation 2 you may
wish to assign A5 or A6.

c.

d.

i. NEXT = 0.005 · NOW + NOW + 1.5, starting at 281
2015 estimate = 326.15 million

ii. NEXT = 0.005 · NOW + NOW - 1.0, starting at 281
2015 estimate = 287.29 million

Change Over Time
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Promoting
Mathematical Discourse

Unit 1

Summarize the Mathematics, page 31
Teacher: Let’s summarize our thinking from Investigation 1. You
made estimates of human and whale populations based on growth
trends from the past. Take a look at Part a i. What trend data and
calculations did you use to predict the population change in Brazil
from one year to the next? And also the new total population?
Carley: There were births of 1.7% and deaths of 0.6% each year.
You took the population and multiplied by 0.011 to get the next
answer.
Teacher: What do the rest of you think?
Tony: Where did the 0.011 come from again? 1.7% – 0.6% is
1.1%. Oh, 1.1% is the same as 0.011. So, the next population is
0.011 times the previous population.
Teacher: What does the 1.1% represent?
Tony: That is the final growth rate made up of the birth and death
rates.
Teacher: So, look again at Part a. What did we just answer?
Caitlyn: We were talking about the population change and not the
new total population.
Ken: Yeah, you need to add in the current population to get the
new total.
Teacher: What information were we using to get these results?
Chloe: We used the birth rate, death rate, and the current
population.
Teacher: So, how did we express both the population change and
the total population for each year in NOW-NEXT language?
Michael: The change was NOW times 0.011. And that was used to
find the NEXT population. NEXT was equal to 0.011 times NOW
plus NOW.

Teacher: But it seems that there may be an error to me. The first
rule for change uses NOW times 0.011 and the second one uses
0.011 times NOW. Isn’t that a problem?
Carley: Yes, we should have the same thing in both rules.
Thomas: No, it is okay this way. It is like 3 times 4 is the same as
4 times 3. It doesn’t matter which order two numbers are multiplied.
Kyle: Well that is true, but I would still like to have them written the
same way. Either way is fine, but both the same way.
Teacher: Okay, are we agreed that these rules are correct as
written? (Students agree.)
Then you may choose the way that you would like to represent
the yearly population change and the total population for your
summary. As you finalize your answer to i of Part a, complete ii
related to the whale population growth that you investigated.
Since you used a variety of growth rates and hunting quotas for
the whale population, look for a way to answer the questions in a
more general form than we did for the Brazil population question.
(Students have two minutes to work.)
Teacher: Okay class. What trend data and calculations did you use
to estimate the change in number of Alaskan bowhead whales each
year and the new total population changes?
Leroy: We said that you multiplied 3% times the population of
7,700, then added that to 7,700, then subtracted 50. Sometimes
the numbers were different for different problems though.
Teacher: Does everyone agree with the calculations described by
Leroy? (Students seem to agree.) Well, then since we did use a
variety of numbers, can we talk about the numbers and calculations
in a more general way?
Zula: Our group said that we needed to multiply the growth rate
and the starting population of whales to find the change each
year. We then added that amount to the starting population and
subtracted the hunting quota to get the total new whale population.

Teacher: (Noticing a few furrowed brows) Okay. (Writes
Change =
NEXT Pop. =
on the transparency next to Part a.) Michael, would you please
write what you mean on the transparency here?

Stephanie: You asked us to write it more generally so we
wrote ... . Can I come up and write it on the transparency?

Michael: (Writes on transparency.)
Change = NOW × 0.011
NEXT Pop. = 0.011 × NOW + NOW

Teacher: Sure, anytime you think it would be better to write
something out for the class, we can use the board or the overhead
to display it.

Teacher: Any comments?
Tanner: That’s right! We have answered both questions now.
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Stephanie: (Writes on transparency.)
Change = Growth Rate × Current Population
New Population = Change + Current Population - Hunting Quota.
(Then speaks to class.) What do you guys think, is that okay?

Keisha: Sure, that’s okay, but you could have written New
Population = Growth Rate × Current Population + Current
Population - Hunting Quota.
Stephanie: Right, I just thought it was shorter the way I wrote it.
Teacher: Why might someone wish to write the rule in the longer
form offered by Keisha?
Tristen: Well, in the longer form, you can see all the pieces that
make up the calculation.
Teacher: Okay, now think about Part b. What does a rule like
NEXT = 1.03 · NOW - 100 tell about patterns of change in a
variable over time?

Teacher: The problems we did in this investigation all used a year
as the time unit. Do you think NOW-NEXT rules only work for
problems about yearly increases?
Elisa: No, the whale increases could have been measured monthly.
But if the 3% increase was monthly, we would have a lot of whales
in a few years.

Teacher: Let’s move on to Part c. In general, what calculator
commands can be used to make population predictions for many
years in the future?
Joe: You can enter the current population and hit the enter button
so that it is stored in the “answer” of the calculator. That way a rule
can be written that updates the answer for each year. So, the rule
would be Growth Rate × ANS + ANS - Hunting Quota (if there
is one). Then you can press
for each year after that.
Teacher: Would you please write that up here also? (Joe writes on
transparency.) So, what do you notice?
Elisa: (Pointing to the previous equation on the transparency—
see Stephanie’s comments.) The general expression that we had
for the whale problem is the same as the calculator equation if you
think of ANS as the Current Population. The Change is the Growth
Rate times the Current Population or ANS from the calculator.
Teacher: Good thinking!
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Joe: The variable is increasing by 3% each year, but 100 is also
subtracted each year.

Jon: Yeah, no more endangered species for whales.

I nvesti
nvestiggation
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Tracking Change with Spreadsheets

One of the most useful tools for exploring relations among birth rates, death
rates, migration rates, and population totals is a computer spreadsheet.
A spreadsheet is an electronic grid of cells in which numerical data or labels
can be stored. The cells of a spreadsheet can be related by formulas, so that
the numerical entry of one cell can be calculated from data in other cells.
The following table shows a piece of one spreadsheet that predicts growth
of the Alaskan bowhead whale population.

Unit 1







As you work on the problems in this investigation, think about the
following question:
How do basic spreadsheet methods use the NOW-NEXT way
of thinking to help solve problems about change over time?

1

From your earlier work with calculators, the numbers in column B of
the preceding spreadsheet probably look familiar. However, you can’t
see how the spreadsheet actually produced those numbers. The next
table shows the formulas used to calculate entries in columns A and B
of the first display.





























Compare the formula cell entries to the numerical cell values in
the display above to help answer the next questions about how
spreadsheets actually work.

a. How do you think the formulas in cells A3, A4, A5, and A6
produce the pattern of entries 2002, 2003, 2004, and 2005 in the
numerical form of the spreadsheet?

b. How do you think the formulas in cells B3, B4, B5, and B6
produce the pattern of entries 7881, 8067, 8259, and 8457?
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Tracking Change with
Spreadsheets

Since spreadsheets are really only powerful if used on a computer, it will
probably be essential to have some whole class work at the start of this
investigation with the teacher displaying what actually happens in the sample
spreadsheets of Problems 1–3 before turning students loose to try their own
hands on the subsequent problems. Problems 1–3 have been written with the
intention that even this whole class introduction need not be a lecture, but
more of an interactive dialogue with problems posed, wait-time for student
thought, and then testing of student ideas on actual spreadsheets. Some
teachers have found it convenient to have one or more of the introductory
sheets stored as files that students simply open in order to get started, since
typing and navigating among cells might be quite time-consuming without
compensatory illumination about how spreadsheets work.

1
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It is expected that students (and teachers) bring quite a variety of prior
experiences with spreadsheets to the material in this investigation. While
spreadsheets have an impressive array of mathematical capabilities, the
problems here have been designed to introduce and begin developing students’
skill in use of only a few key properties—especially those that connect with
the NOW-NEXT way of tracking change over time. Students will need to learn
the cell reference (row and column) conventions of spreadsheets (which
unfortunately run opposite to the matrix convention in which row number
comes before column number), the standard method of entering formulas for
calculating cell entries from other cell entries (for example “=4*B2+C3”),
the use of “fill down” and “fill across” to replicate formulas without tedious
retyping of cell formulas, and (somewhat less important) the convention for
fixing cell references by use of dollar signs before the column or row reference
to be fixed (e.g., “$C$2” will not change even if it is part of a formula that is
replicated by “fill down” or “fill across” in a sheet).

A

2

1
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25

TECHNOLOGY NOTE If
students do not have access
to spreadsheet software on
their computer, you may wish
to provide CPMP-Tools. The
spreadsheet software is
under the algebra menu.

CPMP-Tools

a. The formulas in cells A3, A4, A5, and A6 produce the pattern of
entries 2002, 2003, 2004, and 2005 in the numerical form of the
spreadsheet by adding one year to the value of the year in the
preceding cell.

b. The formulas in cells B3, B4, B5, and B6 produce the pattern of
entries 7881, 8067, 8259, and 8457 in the numerical form of the
spreadsheet by applying the natural growth rate of 3% to the previous
year’s population and subtracting the constant harvest of 50 per year
from hunting by native people.
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c. Why would it make sense to call the formulas in cells A3–A6 and
B3–B6 NOW-NEXT formulas?

d. What are the starting values for the formulas in columns A and B?
The real power of a spreadsheet comes from a feature not shown in this
table of formulas. After entering the starting values in cells A2 and B2 and
the NOW-NEXT formulas in cells A3 and B3, the spreadsheet command “fill
down” will automatically produce formulas for the cells below, changing
the cell reference A2 to A3, B2 to B3, and so on.

Unit 1

2

Suppose that you were interested in studying population growth of the
United States in 10-year intervals corresponding to the national census
counts. With the 2000 population of 281 million, a natural 10-year
growth rate of about 5%, and 10-year migration of about 11 million,
a spreadsheet to make predictions for several decades might begin
like the one below.




















a. What formula and numerical entries would you expect in cells A3,
A4, A5, and A6 if you use a fill down command in that column?

b. What formula and numerical entries would you expect in cells B3,
B4, B5, and B6 if you use a fill down command in that column?
A second feature of spreadsheets makes exploratory work even more
efficient. If you mark column and/or row labels with a dollar sign symbol,
they will not change in response to fill down or fill across commands.

3

Suppose that you want to study the effects of change in both natural
growth and migration rates for the U.S. population.

a. What numerical value do you think will result from the formula
“=C$2*B2+C$4” in cell B3 of the spreadsheet below?
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c. It makes sense to call the formulas in cells A3–A6 and B3–B6
NOW-NEXT formulas because they show how to obtain values
in each cell from those in preceding cells.

d. The starting values for the formulas in columns A and B are 2001
and 7700, respectively.

2

Using the fill down command, the formulas will be as in this table.


























Unit 1




a. The numerical entries in cells A3, A4, A5, and A6 would be 2010,
2020, 2030, and 2040.

b. The numerical entries in cells B3, B4, B5, and B6 would be 306, 332,
360, and 389.

3

a. The numerical value that results from the formula “=C$2*B2+C$4” in
cell B3 of the spreadsheet is still 306.
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b. What formulas and numerical values will appear in cells B4 and
B5 following a fill down command?

c. What formulas and numerical values will appear in cells B4 and
B5 if the entry in cell C2 is changed to 1.06 and the entry in
cell C4 is changed to 12?

d. What changes in natural growth and migration rates are implied
by those changes in the spreadsheet?

4

When Robin got a summer job, she decided she could save $25 from
her pay every week.

a. Construct a spreadsheet that will display Robin’s total savings at

Unit 1

the end of each week during the 10-week summer job.

b. If necessary, modify your spreadsheet so that the amount saved
each week can be found by changing only one cell entry. Then use
the new spreadsheet to display Robin’s total savings at the end of
each week if she actually saves only $17.50 per week.

5

Suppose that in September, Robin invests her summer savings of $250
in a bank account that pays interest at the rate of 0.5% per month
(an annual rate of 6%).

a. Construct a spreadsheet that will display Robin’s bank balance at
the end of each month for the next year.

b. Modify your spreadsheet to account for Robin’s habit of
withdrawing $20 at the beginning of every month for extra
spending money.

6

Modify the spreadsheet in Problem 5 to compare two possible savings
plans.
Plan 1: Deposit $100 in September and add $10 per month thereafter.
Plan 2: Deposit $0 in September and add $20 per month thereafter.

a. How long will it take before Plan 2 gives a greater balance than
Plan 1?

b. How will the answer to Part a change if the monthly interest rate
decreases to 0.4%, 0.3%, 0.2%, or 0.1%?

7

When José was considering purchase of a $199 portable music player
and ear phones, he was told that resale value of the gear would
decline by about 5% per month after he bought it.

a. Construct a spreadsheet that will display the value of José’s music
gear at the start of each month over two years from its purchase.

b. Modify your spreadsheet to analyze the changing value of a PDA
that would cost $499 to purchase and decline in value at about
the same percent rate.

c. Explain why your spreadsheets in Parts a and b do not show loss
of all value for the music player or the PDA in 20 months, even
though 20 · 5% = 100%.
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b. The formulas and numerical values that will appear in cells B4 and
B5 following a fill down command are =C$2*B3+C$4(332) and
=C$2*B4+C$4(360).

c. The formulas that will appear in cells B4 and B5 are unchanged if the
entry in cell C2 is changed to 1.06 and the entry in cell C4 is changed
to 12. But the numerical values change to 310 in B3, 340 in B4, and
373 in B5.

d. The changes implied by those changes in the spreadsheet are a
natural 10-year growth rate of 6% and a 10-year net migration rate
of 12 million people.

a. INSTRUCTIONAL NOTE If students decide to define column B as

Unit 1

4

column A multiplied times 25, encourage them to find formulas that
use NOW-NEXT thinking.



































b. To display total savings with only one cell change, put the weekly
savings in a cell (B2 below). Then use the fixed cell reference B2 in
other formulas.
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5

a.
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b. A spreadsheet incorporating a $20 withdrawal every month follows.



6




























 


a. Plan 2 will pass Plan 1 after 11 months.
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b. If the interest rate is only 0.4% per month (4.8% APR), then Plan 2
will pass Plan 1 after 11 months. It turns out that it requires 11 months
for Plan 2 to catch up with interest at 0.3% per month, 0.2% per
month, and 0.1% per month as well.
(This is because, relative to the amounts being deposited, the
interest earned is very small. Thus, the gap between the plans is
reduced primarily by the difference between $20 and $10 deposits.
That means that Plan 2 requires at least 10 months to close the $100
initial gap. The 11th month is essentially catching up on the interest
earned by the initial $100 deposit.)

7

Unit 1

Jose’s music player will be declining in value each month, but not at a
constant absolute rate. As the value gets smaller, the 5% decrease gets
smaller in dollar terms.

a. One spreadsheet that will track this situation might look like this:








































b. To track resale value of an item that starts at $499, simply change the
entry in cell B2 to 499. After 2 years, the value will be approximately
$153.

c. The resale value will not be gone in 20 months because although it
loses a full 5% (or about $10) in the first month, when the value gets
smaller, a 5% decline in value is fewer dollars. For instance, 5% of
$100 is only $5.
COMMON CONCEPTUAL CHALLENGE Percent change is a topic that often
confuses students and adults. The keys to any percent calculation are the rate (the
percent) and the base. In Problem 4, students have to realize that although the
percent decline is assumed constant at 5% per year, as the value of the year
declines, that percent will be operating on a progressively smaller base. So, the
absolute dollar decline becomes smaller each year.
In a somewhat different setting, this fact of life with percents means that giving every
employee of a business a 5% raise will mean very different things to those who
currently have large salaries than to those who have small salaries. This mathematical
fact is compounded by the fact that those with larger salaries have probably already
provided for basic living expenses and their raises will be applied to discretionary
spending, while those with lower salaries might still be struggling to pay their rent
and food bills.
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Summarize
the Mathematics
In this investigation, you learned basic spreadsheet techniques for studying patterns
of change.

a How are cells in a spreadsheet grid labeled and referenced by formulas?
b How are formulas used in spreadsheets to produce numbers from data in other cells?

Unit 1

c

How is the “fill” command used to produce cell formulas rapidly?

d How are the cell formulas in a spreadsheet similar to the NOW-NEXT rules you used to
predict population change?

Be prepared to share your ideas with other students.

Check Your Understanding
The number pattern that begins 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, … is
known as the Fibonacci sequence. The pattern appears many places
in nature. It also has been the subject of many mathematical
investigations.

a. Study the pattern. What are the next five numbers in the
sequence?

b. Write spreadsheet formulas that will produce columns A and B
in the next table (and could be extended down to continue the
pattern).



c. Modify the spreadsheet of Part b to produce terms in the number
pattern that begins 5, 5, 10, 15, 25, … and grows in the Fibonacci way.
Use the spreadsheet to find the next 10 numbers in the pattern.

d. Compare the number patterns in Parts a and c. What explains the way
the patterns are related?
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Summarize

Transparency Master 28.

the Mathematics

UNIT

1

Patterns of Change

Summarize
the Mathematics

In this investigation, you learned basic spreadsheet techniques
for studying patterns of change.

a How are cells in a spreadsheet grid labeled and referenced by
formulas?

a Formulas call on cell values by referring to their column and row

b How are formulas used in spreadsheets to produce numbers
from data in other cells?

locations. A column is represented by a letter (or pair of letters in a
larger sheet), and a row is represented by a number.

c How is the “ﬁll” command used to produce cell formulas
rapidly?

d How are the cell formulas in a spreadsheet similar to the
NOW-NEXT rules you used to predict population change?
Be prepared to share your ideas with other students.

b Formulas guide calculations using inputs in cell locations that are
c The fill command allows us to copy a formula in new cells and change
cell references as required.
28
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d Cell formulas call upon the results in preceding cells, just like NOWNEXT rules call upon NOW and operate on it to produce a new value.
MATH TOOLKIT Students
may wish to record the
spreadsheet commands that
they have used for future
reference.

Check Your Understanding
INSTRUCTIONAL NOTE You might want to mention to your students that the
person after whom the special sequence is named was an Italian mathematician
who lived from 1180 to 1250 and is generally credited with bringing modern ideas
of arithmetic from Hindu and Arabic cultures to the West as it emerged from the
Dark Ages.

a. The pattern is to add two previous numbers together. The next five numbers
are 89, 144, 233, 377, and 610.



b.









c.

















The sequence will look like this: 5, 5, 10, 15, 25, 40, 65, 105, 170, 275, 445,
720, 1,165, 1,885, 3,050

d. Each number in the sequence that starts with 5, 5, … is 5 times the

corresponding value in the sequence that starts 1, 1, … . Student
explanations may cite specific examples such as: 1 + 1 = 2 and 1 + 2 = 3
and 5 + 5 is 5(1 + 1) and 5 + 10 is 5(1 + 2).
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indicated in the formula.

On Your Own
Applications

Unit 1

1

The People’s Republic of China
is the country with the largest
population in the world. The
population of China in 2005
was approximately 1.3 billion.
Although families are encouraged
to have only one child, the
population is still growing at
a rate of about 0.6% per year.

a. Estimate the population of
China for each of the next
5 years and record your
estimates in a data table.

b. When is it likely that the
population of China will
reach 1.5 billion?

c. How would your prediction
in Part b change if the growth
rate were 1.2%, double the current rate?

d. Using the word NOW to stand for the population in any year, write
rules that show how to calculate the population in the NEXT year:

i. if the growth rate stays at 0.6%.
ii. if the growth rate doubles to 1.2%.
2

The country with the second largest population in the world is India,
with about 1.1 billion people in 2005. The birth rate in India is about
2.2% per year and the death rate is about 0.8% per year.

a. Estimate the population of India for each of the next 5 years and
record your estimates in a data table.

b. When is it likely that the population of India will reach 1.5 billion?
c. How would your prediction in Part b change if the birth rate slows
to 2.0%?

d. Using the word NOW to stand for the population in any year, write
rules that show how to calculate the population in the NEXT year:

i. if the birth rate stays at 2.2%.
ii. if the birth rate slows to 2.0%.
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On Your Own
Applications
1

a.

Year

Population
(in billions)
1.3

2006

1.3078

2007

1.3156

2008

1.3235

2009

1.3315

2010

1.3395

Unit 1

2005

b. In about 24 years, at the present growth rate, China’s population is
projected to reach 1.5 billion.

c. If the growth rate is doubled, it will take about 12 years.
d. i. NEXT = 1.006 · NOW, starting at 1.3.
ii. NEXT = 1.012 · NOW, starting at 1.3.
2

a.

Year

Population
(in billions)

2006

1.1154

2007

1.1310

2008

1.1468

2009

1.1629

2010

1.1792

b. India’s population will reach 1.5 billion in about 23 years.
c. If the birth rate slows to 2%, it will take about 26 years to reach
1.5 billion.

d. i. NEXT = 1.014 · NOW, starting at 1.1.
ii. NEXT = 1.012 · NOW, starting at 1.1.
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On Your Own
3

Timber wolves were once very common in wild land across the
northern United States. However, when the Endangered Species Act
was passed in 1973, wolves were placed on the endangered list.
Thirty years later, the wolf populations have recovered in the
northern Rockies and in the forests of Minnesota, Wisconsin,
and Michigan.
In 2003, estimates placed the Midwest wolf population
at more than 3,100 with an annual growth rate of 25%
to 30%. (Source: “Timber Wolves Resurgent in Upper
Midwest,” The Washington Post, Monday, February 10,
2003.)

Unit 1

a. Use the given wolf population estimate and the 25%
growth rate to predict populations for 10 years (from
2003 to 2013). Record your results in a data table.

b. Estimate the time when the Midwest wolf population
will reach 30,000 (the number believed to have lived
in the Great Lakes region 500 years ago).

c. How does your answer to Part b change if you use
the higher growth rate estimate of 30%?

d. Using the word NOW to stand for the Midwest wolf
population in any year, write rules that show how to
calculate the population in the NEXT year:

i. if the growth rate stays at 25%.
ii. if the growth rate increases to 30%.
4

Midwestern farmers who raise dairy cattle are concerned that growing
wolf populations described in Task 3 above threaten the safety of their
herds. They want permission to eliminate wolves that kill livestock.

a. Make a table showing how the current Midwest wolf population of
3,100 would change over the next 10 years if an annual harvest of
250 animals were allowed, but the natural growth rate continued
at 25% per year.

b. When is it likely that the Midwest wolf population would reach
30,000 if the annual harvest of 250 animals were permitted?

c. How would your answer to Part b change if the annual harvest
were increased to 500?

d. Using the word NOW to stand for the population in any year, write
rules that show how to calculate the population in the NEXT year:

i. if the natural growth rate stays at 25% and 250 wolves are
killed each year.

ii. if the growth rate stays at 25% but the annual harvest
increases to 500 wolves per year.
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On Your Own
INSTRUCTIONAL NOTE For Tasks 3 and 4, you may wish to have students record
every other year or only do 5 years out.

3

a. Year
Pop. (in billions)

2003

2004

2005

2006

2007

2008

2009

2010

2011

2012

3,100

3,875

4,844

6,055

7,568

9,460

11,826

14,782

18,477

23,097

b. Sometime during 2013, the wolf population is projected to reach
30,000.

c. The wolf population would reach 30,000 in 2012 with the 30%
growth rate.

ii. NEXT = 1.30 · NOW, starting at 3,100.
4

a. Year
Pop. (in billions)

2003

2004

2005

2006

2007

2008

2009

2010

2011

2012

3,100

3,625

4,281

5,102

6,127

7,409

9,011

11,014

13,517

16,646

b. Sometime during 2015, the wolf population is projected to reach
30,000.

c. The wolf population would reach 30,000 in 2018 with an annual
harvest of 500.

d. i. NEXT = 1.25 · NOW - 250, starting at 3,100.
ii. NEXT = 1.25 · NOW - 500, starting at 3,100.
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d. i. NEXT = 1.25 · NOW, starting at 3,100.

On Your Own
5

China experiences annual negative net migration of its population.
People leave for other countries of the world in large numbers.

a. How would the current 1.3 billion population of China change in
10 years in case of natural growth rate of 0.6% and net migration
of about -500,000 people per year? (Remember to use uniform
units.)

b. What net migration would have to occur for China to reach zero
population growth, assuming that the natural growth rate remained
at 0.6% per year?

c. Using NOW to stand for the population of China in any year, write

Unit 1

a rule that shows how to calculate the population in the NEXT
year if the natural growth rate is 0.6% and the net migration is
about -500,000 people per year.

6

India has an annual negative migration to somewhat offset its natural
population growth.

a. How would the current 1.1 billion population of India change in
10 years in case of a natural growth rate of 1.4% and net migration
of about only -80,000 people per year? (Use uniform units.)

b. What net migration would have to occur for India to reach zero

population growth, assuming that the natural growth rate remained
at 1.4% per year?

c. Using NOW to stand for the population of India in any year, write
a rule that shows how to calculate the population in the NEXT
year if the natural growth rate is 1.4%, and the net migration is
about -80,000 people per year.

7

If money is invested in a savings account, a business, or real estate,
its value usually increases each year by some percent. For example,
investment in common stocks yields growth in value of about 10% per
year in the long run. Suppose that when a child is born, the parents
invest $1,000 in a mutual fund account.

a. If that fund actually grows in value at a rate of 10% per year, what
will its value be after 1 year? After 2 years? After 5 years? After
18 years when the child is ready to go to college?

b. Using NOW to stand for the investment value at the end of any
year, write a rule showing how to calculate the value at the end of
the NEXT year.

c. How will your answers to Parts a and b change if:
i. the initial investment is only $500?
ii. the initial investment is $1,000, but the growth rate is only
5% per year?

d. How will your answers to Parts a and b change if, in addition to
the percent growth of the investment, the parents add $500 per
year to the account?

8

38

38

UNIT 1 • Patterns of Change

UNIT 1 • Patterns of Change

Select one of Applications Tasks 1–3 and develop a spreadsheet that
could be used to answer the population growth questions asked in
those items. Use the spreadsheet to answer those questions.

On Your Own
5

a. China’s population would grow to about 1.375 billion in the next
ten years.

b. The net migration would have to equal the natural increase of 0.6%,
so it would have to be 0.006 · 1.3 billion or 7.8 million people.

c. NEXT = 1.006 · NOW - 0.5, starting at 1,300 million people. (Rules
will depend on units used.)

6

a. In the next ten years, India’s population would increase to about
1,263,220,904 people.

b. To get zero population growth in India, net migration would have to
equal the natural increase of 15.4 million people.

Unit 1

c. NEXT = 1.014 · NOW - 0.08, starting at 1,100 million people. (Rules
will depend on units used.)

7

a. Year
Fund Value (in $)

0

1

2

5

18

1,000

1,100

1,210

1,611

5,560

b. NEXT = 1.10 · NOW, starting at 1,000
c. i. If the initial investment was only $500, each answer in Part a
would be half as large.

ii. If the percent growth rate is cut in half to 5%, the investment
would grow as follows:
Year
Fund Value (in $)

d. Year
Fund Value (in $)

8

0

1

2

5

18

1,000

1,050

1,103

1,276

2,407

0

1

2

5

18

1,000

1,600

2,260

4,663

28,360

Spreadsheets will vary, but the basic code will include something like the
NOW-NEXT rules in each task. Here is a sample spreadsheet that could be
used to begin analysis of factors in the population growth of China as
described in Task 1.
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On Your Own
Select one of Applications Tasks 4–7 and develop a spreadsheet that
could be used to answer the questions about population or investment
growth over time. Use the spreadsheet to answer those questions.

9

Connections
Data in the next table show population (in thousands) of some major
U.S. cities in 1990 and in 2000. Use the data to complete Connections
Tasks 10–13 that follow.

Major U.S. Cities: 1990 and 2000 Population (in 1,000s)

Unit 1

U.S. City
Atlanta, GA

1990

2000

U.S. City

1990

2000

394

416

Independence, MO

112

113

Aurora, CO

222

276

Milwaukee, WI

628

597

Berkeley, CA

103

103

Newark, NJ

275

274

Boise, ID

127

186

Portland, OR

437

529

El Paso, TX

515

564

St. Louis, MO

397

348

Hartford, CT

140

122

Washington, DC

607

572

10

The population of Berkeley, California, changed by fewer than
1,000 people. Among the remaining cities in the list, which cities had:

a.
b.
c.
d.

the greatest absolute decrease in population?
the greatest absolute increase in population?
the greatest percent decrease in population?
the greatest percent increase in population?

11

What were the mean and median population change for the listed
cities?

12

Suppose that the population of Aurora, Colorado, continues increasing
at the rate it changed between 1990 and 2000.

a. What population for Aurora would be predicted for 2010, 2020,
2030, 2040, and 2050 if population increases by the same number
of people in each decade?

b. What NOW-NEXT rule describes the pattern of change in Part a?
c. What was the percent change in the Aurora population between
1990 and 2000?

d. What NOW-NEXT rule describes the pattern of change in Aurora’s
population each decade, if the percent rate of change from Part c
is used?

e. What population is predicted for Aurora in 2010, 2020, 2030, 2040,
and 2050 if growth occurs at the percent rate of Part c?
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9

Spreadsheets will vary. Here is a sample spreadsheet that could be used to
begin analysis of factors in the investment plans of Task 7.
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Connections
10

11
12

a.
b.
c.
d.

Greatest absolute decline was St. Louis, Missouri, down 49,000.
Greatest absolute increase was Portland, Oregon, up 92,000.
Greatest percent decline was Hartford, Connecticut, down 13%.
Greatest percent increase was Boise, Idaho, up 46%.

The mean change for the listed cities was about 11.9 thousand or 11,900;
the median change was 0.5 thousand or 500.

TECHNOLOGY NOTE
The U.S. City Population
Data is in CPMP-Tools under
Statistics, Data Analysis,
Unit 1.

CPMP-Tools

a. If the population continues to increase by 54,000 per decade,
its population would be as follows:
Year
Pop. (in 1,000s)

2010

2020

2030

2040

2050

330

384

438

492

546

b. NEXT = NOW + 54, starting at 276.
54
ᎏ = 24.3%
c. 222

d. NEXT = 1.243 · NOW, starting at 276.
e. Year
Pop. (in 1,000s)

2010

2020

2030

2040

2050

343

426

530

659

819

Change Over Time
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f. How are the predicted change patterns in Parts a and e similar, and
how are they different? Why are they not the same?

g. What reasons could you have to doubt the predictions of Parts a
or e?
Suppose that the population of Washington, D.C., continues
decreasing at the rate it changed between 1990 and 2000.

Unit 1

13

a. What population for Washington, D.C., would be predicted for
2010, 2020, 2030, 2040, and 2050 if population decreases by the
same number of people in each decade?

b. What NOW-NEXT rule describes the pattern of change in Part a?
c. What was the percent change in the Washington, D.C., population
between 1990 and 2000?

d. What NOW-NEXT rule describes the pattern of change in the
Washington, D.C., population each decade, if the percent rate of
change from Part c is used?

e. What population is predicted for Washington, D.C., in 2010, 2020,
2030, 2040, and 2050 if growth occurs at the percent rate of Part c?

f. How are the predicted change patterns in Parts a and e similar, and
how are they different? Why are they not the same?

g. What reasons could you have to doubt the predictions of Parts a
or e?

14

Sketch graphs that match each of the following stories about
quantities changing over time. On each graph, label the axes to
indicate reasonable scale units for the independent variable and
the dependent variable. For example, use “time in hours” and
“temperature in degrees Fahrenheit” for Part a.

a. On a typical summer day where you live, how does the
temperature change from midnight to midnight?

b. When a popular movie first appears in video rental stores, demand
for rentals changes as time passes.

c. The temperature of a cold drink in a glass placed on a kitchen
counter changes as time passes.

d. The number of people in the school gymnasium changes before,
during, and after a basketball game.

40

40
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f. Both growth projections show rapid growth prospects, however the percent
growth projections are much greater because of the compounding factor.

g. There are probably many reasons to doubt the projections far into
the future, including limitations of space, jobs, water, and so on.

13

a. Year
Pop. (in 1,000s)

2010

2020

2030

2040

2050

537

502

467

432

397

b. NEXT = NOW - 35, starting at 572.
ᎏ
c. -35
607 = -5.8%

e. Year
Pop. (in 1,000s)

2010

2020

2030

2040

2050

539

508

478

450

424

Unit 1

d. NEXT = NOW - 0.058 · NOW, starting at 572.

f. Both predict decline, but the percent decline is slower because a
constant percent factor operates on progressively smaller populations.
g. As populations decline it might become cheaper to buy houses, more
space opens up to make the city attractive, jobs might become
available, and so on.
Answers will vary, but here are some plausible graphs.

a. Temperature change on a typical


24-hour day might oscillate something
like this graph, from midnight to
midnight.












rental stores might decline like this
graph as time passes since its release.



b. Demand for a new movie in video

 

cold drink that is taken out of the
refrigerator will rise rapidly at first
and then more slowly as time
goes on until the drink reaches
room temperature.



c. A graph of the temperature of a





a school gymnasium before, during,
and after a basketball game might look
something like this. Scales on the
vertical axis will depend on the size of
the school.



d. A graph of the number of people in
 

14
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Each part below gives a pair of NOW-NEXT rules. For each rule in
each pair, produce a table of values showing how the quantities
change from the start through 5 stages of change. Then compare the
patterns of change produced by each rule in the pair and explain how
differences are related to differences in the NOW-NEXT rules.

a. Rule 1: NEXT = NOW + 10, starting at 5
Rule 2: NEXT = NOW + 8, starting at 5

Unit 1

Sample Table:
Stage

0

1

2

Rule 1

5

15

25

Rule 2

5

13

…

3

4

5

b. Rule 1: NEXT = 2 · NOW, starting at 5

Rule 2: NEXT = 1.5 · NOW, starting at 10

c. Rule 1: NEXT = 0.5 · NOW, starting at 100
Rule 2: NEXT = 0.9 · NOW, starting at 50

d. Rule 1: NEXT = 2 · NOW + 10, starting at 8
Rule 2: NEXT = 3 · NOW - 10, starting at 8

The graph below shows how the amount of water in a city’s reservoir
changed during one recent year.

 



16





On a copy of the graph, mark points that show when the reservoir’s
water supply is:

a.
b.
c.
d.
e.

increasing at the fastest rate—label the point(s) with the letter “A”.
decreasing at the fastest rate—label the point(s) with the letter “B”.
increasing at a constant rate—label the point(s) with the letter “C”.
decreasing at a constant rate—label the point(s) with the letter “D”.
neither increasing nor decreasing—label the point(s) with the
letter “E”.
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a. Stage

0

1

2

3

4

5

Rule 1

5

15

25

35

45

55

Rule 2

5

13

21

29

37

45

Rule 1 adds two more than Rule 2 at each stage and thus the results
for Rule 1 are 2, 4, 6, 8, etc. more than the results for Rule 2 at
corresponding stages.

b. Stage

0

1

2

3

4

5

Rule 1

5

10

20

40

80

160

Rule 2

10

15

22.5

33.8

50.6

75.9

Unit 1

Because Rule 2 starts off at an initial value of 10, its values are greater
for a short while. Because Rule 1 multiplies each previous term by 2
(doubles) and Rule 2 only multiplies current values by 1.5, values
produced by Rule 1 soon pass Rule 2 values.

c. Stage

0

1

2

3

4

5

Rule 1

100

50

25

12.5

6.3

3.2

Rule 2

50

45

40.5

36.5

32.8

29.5

Over time, Rule 2 will produce larger values. The rule is NEXT =
0.9 · NOW. Think of it as keeping 90% of the previous value, whereas
Rule 1, or NEXT = 0.5 · NOW, only keeps 50% of the previous value.
So, even though Rule 1 starts at 100 rather than at 50, the results from
Rule 1 will quickly become less than the same-stage results for Rule 2.

d. Stage

0

1

2

3

4

5

Rule 1

8

26

62

134

278

566

Rule 2

8

14

32

86

248

734

Students should recognize that multiplying by 3 rather than by 2 will
produce a larger effect than the addition or subtraction of 10. Thus,
in the long run, Rule 2 will have greater results. As a general rule,
multiplicative effects are usually ultimately stronger than additive
effects.

a–e. A reasonable range for student placement of points or intervals is
shown by the thick sections on the graph below.

Teaching Resources
Student Master 29.
UNIT

1

Patterns of Change

Name ____________________________
Date _____________________________

City Reservoir Water Amounts
100

80
Percent of Reservoir Capacity





60

40

20



0
0
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Student Master • use with page 41

360

180
Time (in days)
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Reflections
17

How are patterns in the data tables and graphs arising in the studies
of human and whale populations similar to or different from those
that related:

a. weight and stretched length of a bungee cord (page 5)?
b. price per jump and number of customers for a bungee jump
(page 6)?

c. price per jump and daily income for operation of the bungee jump
(page 6)?

Unit 1

d. number of plays and fund-raiser cumulative profit in the Take a
Chance die-tossing game (pages 8–9)?

e. average speed and race time for a 500-mile NASCAR race
(pages 11–12)?

f. hours worked and earnings at Fresh Fare Market (page 12)?
18

In what ways are the methods used to describe “change over time”
patterns similar to or different from the methods used to study “cause
and effect” patterns?

19

Consider the NOW-NEXT rules:
NEXT = NOW + 0.05 · NOW and NEXT = 1.05 · NOW

a. Find several values produced by these NOW-NEXT rules, starting
from NOW = 10.

b. Then explore the patterns produced by each rule for some other
common starting values.

c. Explain why the results of the explorations in Parts a and b are
not surprising.

20

Do the ideas of independent and dependent variables have useful
meaning in the study of “change over time” patterns? If so, how? If
not, why not?

21

Both animal and human population growth rates commonly change as
the years pass.

a. What factors might cause change in the percent growth rates of a
population?

b. Why, if growth rates change, does it still make sense to use current
growth rates for predictions of future populations?

42

42
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Reflections
17

a. Similarities: Both population growth situations and the stretch of the
bungee cord situation are increasing functions.
Differences: The stretched length of the bungee cord increases at a
constant rate (linear) as attached weight increases, but the populations
increase at a non-constant rate (nonlinear) over time.

b. Similarities: No obvious similarities.
Differences: The number of customers decreases at a constant rate
(linear) as price increases, but the populations increase at
non-constant rates over time.

Unit 1

c. Similarities: Both the bungee jump daily income function and the
population growth over time are nonlinear patterns of change.
Differences: The bungee jump income will increase and then decrease as
jump price increases, whereas the populations are always increasing.

d. Similarities: Both profit from the die-tossing game and the various
population functions involve factors that could make them either
increase (winning and births or migration) or decrease (losing
and deaths or emigration).
Differences: The Take a Chance game will produce profit values that
can be summarized as a roughly linear trend. However, that trend will
be marked by random variations up and down. Unless the population
growth occurs only from constant migration or emigration (controlled
by quotas, for example) it will not generally be linear.

e. Similarities: Both the NASCAR time/speed function and population
growth functions are nonlinear.
Differences: In the NASCAR situation, the time decreases as speed
increases, whereas the population situations are frequently increasing
functions. The time for a 500-mile race at 0 miles per hour is not
defined, whereas population at time 0 is generally interpretable as
the population when analysis is begun.

f. Similarities: Both the Fresh Fare Market situation and the population
growth situations are modeled by non-linear increasing functions.
Differences: The Fresh Fare Market pay options tend to involve increases
that are more rapid than those in the population growth situations.

18

Similarities: In both kinds of relational situations, tables and graphs of
values and (where feasible) algebraic rules are useful tools for studying
patterns of change. It usually helps to look for increasing or decreasing
change patterns as values of the independent variable increase steadily
and, more precisely, to ask whether the rate of change is constant or not.
Differences: In “cause-and-effect” change situations, one can generally
imagine some sort of operational connection between the variables that
explains why the dependent variable changes when the independent
variable changes. In “change-over-time” situations, the time variable itself
is not a cause of change, only a marker that helps to see the rate of
change that results from a variety of situational factors.

19

a–c. With common starting values, the rules produce the same
sequences of subsequent values since NOW + 0.05 · NOW is the
same as calculating 1.05 · NOW.

NOTE The answers to
Problems 20 and 21 can
be found on page T43.

Change Over Time
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Extensions
22

The amusement park ride test team took their
radar gun for a ride on the Ferris wheel. They
aimed the gun at the ground during two
nonstop trips around on the wheel, giving
a graph relating height above the ground to
time into the trip.

a. The total time for the ride was 100 seconds.

Unit 1

Sketch a graph showing how you think height
will change over time during the ride. Then
write an explanation of the pattern in your
graph. (Hint: You might experiment with a
bicycle wheel as a model of a Ferris wheel;
as you turn the wheel, how does the height
of the air valve stem change?)

b. Given next is the graph of (time into ride,
height of rider) data for one Ferris wheel
test ride. Write an explanation of what the
graph tells about that test ride.



 

First Test Ride









c. Given next are some (time, height) data from a second test ride.
Write a short description of the pattern of change in height over
time during this ride.

Second Test Ride
Time
(in seconds)

0

2

5

10

15

20 22.5 25

30

35

Height
(in meters)

1

1

3

3

11

11

11

3

13

11

40 42.5 45
3

1

3

50

55

60 62.5 65

3

11

11

13

11

d. Plot the data from the second test ride on a coordinate graph.
Connect the points if it seems to make sense to do so. Then
explain whether you think the graph or the table better shows
the pattern of change in height during the ride.
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20

With regard to “change-over-time” patterns, time is most often the
independent variable. One way to think of this idea is that population
change can only happen if time passes; however, time can pass whether
whale or human populations change. Passage of time does not itself cause
change in a population or an investment account.

21

a. Students might suggest a variety of issues, including environmental,
health, and social factors like regulation of hunting for animals or
public policy initiatives to encourage or discourage potential parents.

b. Students may suggest that the reliability of certain models over time

Unit 1

would make it reasonable to use current growth rates for predictions.
Others may note that the current rates are all that we have to work
with, and that predictions are just that—predictions. They tell us what
will happen if things continue as they are now.

Extensions
22

a. Responses will vary, but should show some movement up and down.
Without stops, the pattern of height versus time (moving at a constant
rotational velocity) will generate a sinusoid. What will be hard for
students to detect without very careful measurement is the fact that
the motion is not a pair of semicircles, one concave up and the other
concave down.

b. Stories will vary when interpreting the given graph. Flat points will
in general indicate times when the wheel is stopped to load new
passengers. This trip had three such stops. The graph shows that the
wheel had a diameter of approximately 10 meters (the difference
between highest and lowest heights). When the wheel was in
continuous motion, it made a complete rotation in about 40 seconds.

c. The given data suggest a ride on a wheel with diameter about
12 meters since the position of the rider varied from 1 meter above
the ground to 13 meters above. One complete turn takes at most
42 seconds, perhaps less if the points of repeated height represent
stops. The time when the rider was rising most rapidly involved lift
of about 8 meters in 5 seconds, with similar speed on the descent.

d.

H

T

Students may say that the table better shows the pattern of change in
height since it shows exact values. Or they may prefer the graph
because you can quickly see the similarities and patterns over time.
Connecting the dots may help get a sense for the pattern, but curves
such as in the graph in Part b more accurately depict the slowing
down and speeding up process at stops.

Change Over Time
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A manatee is a large sea mammal
native to Florida waters that is
listed as endangered. The chart
below gives the number of
manatees killed in watercraft
collisions near the Gulf Coast of
Florida every year from 1985
through 2004.

Unit 1

Manatee/Watercraft Mortalities
Year

Number of
Manatees Killed

Year

Number of
Manatees Killed

1985

33

1995

42

1986

33

1996

60

1987

39

1997

54

1988

43

1998

66

1989

50

1999

82

1990

47

2000

78

1991

53

2001

81

1992

38

2002

95

1993

35

2003

73

1994

49

2004

69

Source: www.savethemanatee.org/mortalitychart.htm

a. Prepare a plot of the number of manatees killed in watercraft
collisions between 1985 and 2004. Connect the points in that plot
to help you study trends in manatee/watercraft mortalities.

b. Describe the pattern of change in mortalities that you see in the
table and the plot over time.

c. During what one-year period was there the greatest change in
manatee deaths if one measures change by:

i. difference?
ii. percent change?
d. How is the time of greatest change in manatee deaths shown in
the table? In the graph?

e. What factors in the marine life and boating activity of Florida
might be causing the increase in manatee deaths? What actions
could be taken by government to reduce the number of deaths?

44
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23

a. Although the segments connecting the data points do not represent
manatee mortalities, drawing such connecting segments often
highlights a trend in time-series data that is not so evident in the
individual points.

TECHNOLOGY NOTE
These data and an extended
data set are included in
CPMP-Tools under Statistics,
Data Analysis, Unit 1.

.

9

oscillates some from year to year, but there is an increasing trend,
particularly after 1993.

c. i. The greatest absolute change in manatee deaths was from 1983 to
1984 with an increase of 19.

INSTRUCTIONAL NOTE
You may wish to provide
students an opportunity to
ask and answer their own
questions using the Manatee
data sets.

ii. That is also the one-year period with greatest percent change, an
increase of 127%.

d. The time of greatest change in deaths is shown by the largest increase

CPMP-Tools

or decrease from one value in the deaths column to the next value in
the deaths column. On the graph, it is a big jump up or down between
consecutive points.

e. The number of motorboats in action is an obvious explanatory factor
for the increase in deaths. Greater speed of newer boats might be a
factor too. It is also possible that there has been an increase in the
number of manatees in the area because of migration pattern changes,
changes in water temperature, or the extinction of a manatee predator.
Thus, there could be more manatees for boats to hit. Furthermore,
manatees themselves may have become accustomed to boat traffic
and so seem to disregard it.
The government could first research the causes of the increased
deaths to make reasonable and effective decisions. They could choose
to be more stringent on the speed of boats, have additional regulations
placed on boat structure, or increase regulations on where boaters can
operate in certain waterways where manatees are known to exist.

Change Over Time
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b. The number of manatee deaths due to collisions with watercraft
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24

The Fibonacci sequence has many interesting and important
properties. One of the most significant is revealed by studying the
ratios of successive terms in the sequence. Consider the Fibonacci
sequence 1, 1, 2, 3, 5, 8, 13, … .

a. Modify the spreadsheet you wrote to generate terms of the
Fibonacci sequence to include a new column C. In cell C2, enter
the formula “=B2/B1” and then repeat this formula (with cell
references changing automatically down the column C). Record the
sequence of terms generated in that column.

b. What pattern of numerical values do you notice as you look farther
and farther down column C?

Unit 1

25

In an earlier problem, you explored the rate at which the allowance
paid to Ethan and Anna would increase if it began with only 1 penny
on the first day of the month but doubled each day thereafter.

a. Write a spreadsheet with three columns: “Day of the Month” in
column A, “Daily Allowance” in column B, and “Cumulative
Allowance” in column C, with rows for up to 31 days.

Leonardo Fibonacci
1180–1250

b. Use the spreadsheet to find the total allowance paid to Ethan and
Anna in a month of 31 days.

Review
26

Find the value of each expression.

a. 4 · 2 - 3
d. (-3)(2)(-5)
27

b. 2(-5) + 2(3)
e. -5 + 2 + 10 + (-5)2

c. -52 - (3 - 5)
f. |-5| + 15 - |5 - 3|

In figures A and B, squares are built on each side of a right triangle.
 



a. For figure A:
i. Find the area of the triangle.
ii. Find the area of each square. How are the areas related?
iii. Find the perimeter of the triangle.
b. For figure B:
i. Find the area of the triangle.
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a. Making the suggested change in the spreadsheet will generate a
column of ratios like these: 1, 2, 1.5, 1.67, 1.6, 1.625, 1.61538, …

b. It should be fairly clear that these ratios seem to be converging on a
value a bit more than 1.6. That is, in fact, the golden ratio, which is

1 + √5

officially ᎏ
2 .

25

a.






Unit 1



 








b. The total allowance paid to each child in a month of 31 days is
$2,147,836.47.

Review
26

b. -4
e. 32

a. 5
d. 30

c. -23
f. 18

Just in Time
27

a. i. 1ᎏ2(2)(2) = 2 square units
ii. The areas from smallest to largest are 4 square units, 4 square
units, and 8 square units. The area of the larger square is the sum
of the areas of the smaller squares.

iii. The perimeter of the triangle is 2 + 2 + 2 √
2 ≈ 6.83 units.

INSTRUCTIONAL NOTE
Review Task 26 should be
done without calculators. You
may wish to discuss students’
methods since these tasks
offer a variety of approaches,
including working right to
left in Part e and choosing
to combine numbers in
convenient ways to reduce
the possibility of errors.
So, Part e could be
25 + 10 - 5 + 2 = 32.

b. i. 1ᎏ2(3)(4) = 6 square units

Change Over Time
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ii. Find the area of each of the squares. How are the areas of the
squares related in this case?

iii. Find the perimeter of the triangle.
c. How is the work you did in Parts a and b related to the
Pythagorean Theorem?

28

Consider the circle drawn below.


Unit 1

 

a. Use the dot grid to find the approximate area of the circle.
b. Use the formula C = 2πr or C = 2d to find the circumference of
the circle.

c. Use the formula A = πr2 to find the area of the circle.
d. In what kind of unit is area measured? How can you use this fact
to avoid confusing the formulas 2πr and πr2 when computing the
area of a circle?

29

The population of India is about 1.1 billion people. Suppose the
population of country X is 1.1 million, and the population of
country Y is 11 million.

a. How many times larger is the population of India than that of
country Y? Than that of country X?

b. What percent of the Indian population is the population of
country Y? Is the population of country X?

30

Consider the three parallelograms shown below.

 



a. Rachel thinks that all three parallelograms have the same area.
Is she correct? Explain your reasoning.

b. Sketch a parallelogram, different from those above, that has an
area of 8 square units.

31

Place the following numbers in order from smallest to largest.
2.25

46

46
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2.05

-2.35

-2.75

0

2.075

On Your Own
ii. The areas from smallest to largest are 9 square units, 16 square
units, and 25 square units. The area of the large square is the sum
of the areas of the two smaller squares.

iii. The perimeter of the triangle is 3 + 4 + 5 = 12 units.
28

Student approximations should be around 50 square units.
C = 2π(4) = 8π ≈ 25.12 units

A = π(4)2 = 16π ≈ 50.27 square units

Teaching Resources

Area is measured in square units and the formula for computing the
area of a circle contains r2.

a. India has a population 100 times larger than country Y because
11,000,000 · 100 = 1,100,000,000. India has a population 1,000 times
larger than country X because 1,100,000 · 1,000 = 1,100,000,000.
11,000,000

b. Since ᎏᎏ
1,100,000,000 = 0.01, the population of country Y is 1% of the
1,100,000

population of India. Since ᎏᎏ
1,100,000,000 = 0.001, the population of
country X is 0.1% of the population of India.

Assessment Masters 30–35.
UNIT

1

Patterns of Change

Name ____________________________
Date _____________________________

LESSON 2 QUIZ
Form A
1. To encourage you to save, your parents open a savings account in your name. This savings account
earns 1.5% per month interest on the balance at the end of each month. Suppose that your
grandparents deposit $2,000 into the account on January 1.
a. If you do not take any money out of, or put any more money into, the account, how much money
will be in the account at the end of one month? Two months? Explain or show your work.
End of one month: _____________

End of two months: _________________

Show your work:

b. When will you have $2,500? Explain how you got your answer.
The account reaches $2,500 after _________________
Explanation:

c. Using NOW to stand for the amount in the account at the end of one month, write a rule for
calculating the amount in the account at the end of the NEXT month. Explain how your rule
reﬂects the given situation.
NEXT = _________________ , starting at _________________
Explanation:

30

a. The parallelograms all have an area of 8 square units since they each
have a base of 4 units and a height of 2 units.

b. Student sketches will vary.

d. Suppose you take out $200 at the end of each month starting in January. How much will you have
in the account at the end of January? Of February? Show or explain your work.
End of January: __________________

End of February: ________________

Explanation:

e. Assume the conditions described in Part d. Using NOW to stand for the amount you have in the
account at the end of one month, write a rule for calculating the amount you have left in the
account at the end of the NEXT month.
NEXT = _________________ , starting at _________________

31

-2.75, -2.35, 0, 2.05, 2.07, 2.25

30
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a.
b.
c.
d.

Tools for Studying
Patterns of Change

N

L

ESS O

3
Unit 1

I

n your work on problems of Lesson 1, you studied a variety of
relationships between dependent and independent variables. In many
cases, those relationships can be expressed by calculating rules that
use letter names for the variables. For example,
The stretched length L of a simulated bungee cord depends
on the attached weight w in a way that is expressed
by the rule L = 30 + 0.5w.
The number of customers n for a bungee jump depends
on the price per jump p in a way that is
expressed by the rule n = 50 - p.
The time t of a 500-mile NASCAR race depends
on the average speed s of the winning car in a
way that is expressed by the rule t = _
.
s
These symbolic rules give directions for calculating values of
dependent variables from given values of related independent
variables. They also enable use of calculator and computer tools for
solving problems involving the relationships.
500
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T

he main goals of this lesson are to develop student ability to write and
solve equations that answer questions in situations modeled by several basic
patterns of change. The first investigation focuses on developing students’
informal abilities to translate data patterns, verbal conditions, and geometric
patterns into algebraic rules and formulas. Then the second investigation
focuses on use of calculator and computer tools to study those rules and to
solve equations. The third investigation is an exploratory study of patterns in
tables and graphs associated with linear, quadratic, inverse, and exponential
variation. It sets the stage for future units that examine the special properties of
each family of functions.
The central idea of this lesson is that when one is able to express a relationship
between two variables in the form of an algebraic rule or equation, there are
powerful tools (including thinking) available for answering further questions
about the relationship.

Lesson Objectives
• Develop skill in writing rules that express problem conditions
• Review perimeter and area formulas for triangles, parallelograms, and circles
and the Pythagorean Theorem
• Develop skill in producing tables and graphs for functions
• Develop skill in using function tables, graphs, and computer algebra
manipulations to solve problems that involve functional relationships,
especially solving equations in one variable
• Develop informal knowledge about connections among function rules, tables,
and graphs for linear, inverse, exponential, and quadratic functions

Lesson Launch
This TATS asks students to think about and report ideas that they have about
relationships between algebraic forms and corresponding table and graph
patterns. It also asks them to describe any strategies they already have for
developing equations that relate dependent and independent variables and for
using calculator or computer tools to analyze those relationships. The questions
given are intended to be used for diagnostic purposes—to see what knowledge
and dispositions students have about using algebraic rules and calculating tools.
The problems of the lesson will develop further understanding and skill in
each area.
Tools for Studying Patterns of Change
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Think
This

About

Situation

If you were asked to solve problems in situations similar to those described on the
previous page:

a How would you go about finding algebraic rules to model the relationships between
dependent and independent variables in any particular case?

b What ideas do you have about how the forms of algebraic rules are connected to

Unit 1

patterns in the tables and graphs of the relationships that they produce?

c

How could you use calculator or computer tools to answer questions about the variables
and relationships expressed in rules?

Your work in this lesson will help you develop skill in writing algebraic
rules to express relationships between variables. You will also use calculator
and computer strategies to determine relationships expressed by those rules.

I nvesti
nvestiggation

1

Communicating with Symbols

The first challenge in using algebraic expressions and rules to study a
relationship between variables is to write the relationship in symbolic form.
There are several ways information about such relationships occur and
several strategies for translating information into symbolic form. As you
work on the problems of this investigation, look for answers to this question:
What are some effective strategies for finding symbolic expressions
and rules that represent relationships between variables?

Translating Words to Symbols In many problems, important
information about a relationship between variables comes in the form of
written words and sentences. Sometimes it is easy to translate those words
directly into algebraic expressions and rules.
For example, if a restaurant adds a 15% gratuity to every food bill, the
total bill T is related to the food charges F by the rule:
T = F + 0.15F.

In other cases, you might need to calculate the value of the dependent
variable for several specific values of the independent variable to see how the
two are related in general. Suppose that a library loans books free for a week,
but charges a fine of $0.50 each day the book is kept beyond the first week.
To find a rule relating library fines for books to the number of days the book
is kept, you might begin by calculating some specific fines, like these:
Book Kept 10 Days: Fine = 0.50(10 – 7)
Book Kept 21 Days: Fine = 0.50(21 – 7)

48
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Think
This

About

Situation

If you were asked to solve problems in situations similar to
those described below:

a How would you go about ﬁnding algebraic rules to model the
relationships between dependent and independent variables in
any particular case?

a You might launch discussion of this question by pointing to the three

rules are connected to patterns in the tables and graphs of the
relationships that they produce?

c How could you use calculator or computer tools to answer
questions about the variables and relationships expressed in
rules?
The stretched length L of a simulated bungee cord depends on the
attached weight w in a way that is expressed by the formula
L = 30 + 0.5w.
The number of customers n for a bungee jump depends on the price
per jump p in a way that is expressed by the rule n = 50 - p.
The time t of a 500-mile NASCAR race depends on the average speed s
of the winning car in a way that is expressed by the rule t =  
.

36
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b You might next ask students to give quick sketches (or “air graphs”)
to illustrate their ideas about the shapes of graphs that they expect for
each rule given in the lesson introduction. Then ask them if they can
explain why (other than remembering the examples from earlier
work) they connect particular rule forms with particular graph shapes.
Again, the purpose of this questioning would be primarily to see how
comfortable students already are with connections between symbolic,
table, and graph forms.

c By this time in the unit, you will have some good ideas about how
comfortable students are with graphing calculators, though little
prompting has been used to encourage the use of graphing and
table features of the calculator in Lessons 1 and 2. The idea of
this question is to see whether students have the knowledge and
disposition to scan tables and trace graphs in search of specific pieces
of information about a relationship between variables. If they do,
they’re going to have a head start on this lesson. If they do not, assure
them that they will develop ideas and technology skills while working
on the problems of the lesson.

I nvesti
nvestiggation

1

Communicating
with Symbols

The problems in this investigation pose the classic algebra word problem
challenge, and there is no magic procedure for helping students to deal with it.
Many teachers like to use a “word-by-word” translation strategy that relies on
training students in recognition of “key words.” While this strategy often works
in situations that have been carefully designed to cater to it (i.e., school
textbooks, but not real-life problems), we do not recommend it.

COLLABORATION SKILL
Help group check thinking or
solutions.

Instead, students are encouraged to make sense of the problem situations and
the relationships involved. The most effective way to get started on that process
is to try some calculations involving specific values of the variables involved in
a problem and then to look for a generalization of that calculation process.
Tools for Studying Patterns of Change
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function rules described in the lesson introduction and noting that in
much previous work of the unit rules like these have been provided
for students. The questions so far have mainly asked students to use
given rules and see how they do (or do not) accurately capture the
relationships represented by data tables or graphs. Then ask students
to share their ideas about how they might go about developing the
rules from given data. There is, of course, no “right answer” to this
question. Its purpose is to see what ideas students already know about
tackling this key challenge of algebra.

b What ideas do you have about how the forms of algebraic

1

Can you create a rule relating library fines for new books to the
number of days the book is kept? Write your rule in symbolic form,
using F for the fine and d for number of days the book is kept.

2

Midwest Amusement Park charges $25 for each daily admission. The
park has daily operating expenses of $35,000.

a. What is the operating profit (or loss) of the park on a day when
1,000 admission tickets are sold? On a day when 2,000 admission
tickets are sold?

b. Write a symbolic rule showing how daily profit P for the park
depends on the number of paying visitors n.

Unit 1

3

A large jet airplane carries 150,000 pounds of fuel at takeoff. It burns
approximately 17,000 pounds of fuel per hour of flight.

a. What is the approximate amount of fuel left in the airplane after
3 hours of flight? After 7 hours of flight?

b. Write a rule showing how the amount of fuel F remaining in the
plane’s tanks depends on the elapsed time t in the flight.

4

The costs for a large family reunion party
include $250 for renting the shelter at a
local park and $15 per person for food
and drink.

a. Write a rule showing how the total cost
C for the reunion party depends on the
number of people n who will attend.

b. Write another rule showing how the
cost per person c (including food, drink,
and a share of the shelter rent) depends
on the number of people n who plan
to attend.

Measurement Formulas Many of the most useful symbolic rules are
those that give directions for calculating measurements of geometric figures.
You probably know several such formulas from prior mathematics studies.

5

Figure BCDE below is a rectangle.
"

#

%

$

a. Use a ruler to make measurements from which you can estimate
the perimeter and area of rectangle BCDE. Then calculate those
estimates.
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1

F = 0.50(d - 7) with the condition that the fine is 0 for d < 8.

2

a. If 1,000 tickets were sold, the park would have a loss of $10,000.
A profit of $15,000 would occur if 2,000 tickets were sold.

b. P = 25n - 35,000
3

a. After 3 hours, the airplane would have about 99,000 pounds of fuel
left. After 7 hours, 31,000 pounds would remain.

b. F = 150,000 - 17,000t
a. C = 250 + 15n
250 + 15n
ᎏ
b. C = 250
+ 15 or C = ᎏ
n
n

5

a. The measurements are approximately BE = 1.5 inches

Unit 1

4

(3.8 centimeters) and BC = 4 inches (10.2 centimeters).

Based on these measurements:
P ≈ 11 in. (27.9 cm)
A ≈ 6 in.2 (38.7 cm2)

Tools for Studying Patterns of Change
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b. For any given rectangle, what is the minimum number of ruler
measurements you would need in order to find both its perimeter
and area? What set(s) of measurements will meet that condition?

c. What formulas show how to calculate perimeter P and area A of a
rectangle from the measurements described in Part b?

6

Figure QRST below is a parallelogram.

Unit 1

4

1

3

2

a. Use a ruler to make measurements from which you can estimate
the perimeter and the area of QRST. Then calculate those
estimates.

b. For any given parallelogram, what is the minimum number of
measurements you would need in order to find both the perimeter
and area? What measurements will meet that condition?

c. What formulas show how to calculate perimeter P and area A of a
parallelogram from the measurements you described in Part b?

7

The two figures below are triangles—one a right triangle and one an
obtuse triangle.
"

C

!

.

A

B

#

,

-

a. Use a ruler to make measurements from which you can estimate
the perimeter and the area of each triangle. Then calculate those
estimates.

b. If the lengths of the sides of a right triangle are a, b, and c, with
the side of length c opposite the right angle, the Pythagorean
Theorem guarantees that a2 + b2 = c2. Using this fact, what is the
minimum number of ruler measurements you would need in order
to find both the perimeter and area of any right triangle? What
set(s) of measurements will meet that condition?

c. What formulas show how to calculate perimeter P and area A of a
right triangle from the measurements you described in Part b?

50
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b. Two ruler measurements are required. Measuring the length and width
of the rectangle will provide enough information for calculating both
perimeter and area. However, one could also measure a diagonal and
one side and then use the Pythagorean Theorem (probably the hard
way to get what is needed).

c. Students may have a variety of formulas to express perimeter and area.

Unit 1

At the Summarize the Mathematics class discussion, it will be important
to have discussions around advantages and disadvantages of different
forms and identifying what the variables represent. Using the most likely
choices of measurements, the formulas for perimeter could be:
P = 2ℓ + 2w
P=ℓ+ℓ+w+w
P = 2b + 2h
P = 2(b + h)

where ℓ and w or b and h represent the lengths of two adjacent sides.
For area, the most familiar formulas would be:
A = bh
A = ℓw

6

a. The measurements are approximately TQ = 4 in. (10.2 cm),

ST = 2 in. (5.1 cm), and height = 1.5 in. (3.8 cm). Based on these
measurements:
P ≈ 12 in. (30.5 cm)
A ≈ 6 in.2 (38.7 cm2)

b. At least three ruler measurements are required for calculating both

perimeter and area (because the angles involved affect the shape
of the parallelogram and thus the area). For calculating perimeter,
the length of any two adjacent sides is necessary and sufficient.
Calculating area requires the length of one of the bases and the
height of the parallelogram to the base to be measured (in general
parallelograms this height will not be identical to one of the sides).
While the most familiar ruler measurements for finding perimeter
and area would be something like segments TS, SR, and TB on the
following sketch, one could also use the Pythagorean Theorem to
derive the familiar lengths from measures of segments BS, SR, and TR,
for example. No fewer than 3 segment lengths will do.
4

"

1

3

2

c. The most familiar formulas for perimeter and area will probably be
P = 2a + 2b, where a and b are the lengths of any two adjacent sides,
and A = bh, where b is the length of a base and h is the height of the
parallelogram to the base b. There are, of course, many other
equivalent formulas.

NOTE The answers to
Problem 7 can be found
on page T51.

Tools for Studying Patterns of Change

T50

d. What is the minimum number of measurements you would need
in order to find both the perimeter and the area of any nonright
triangle? What measurements will meet that condition?

e. What formulas show how to calculate perimeter P and area A of a
nonright triangle from the measurements you described in Part d?
The figure below is a circle with center O.

8

Unit 1

/

a. Use a ruler to make measurements from which you can estimate
the circumference and area of the circle. Then calculate those
estimates.

b. For any given circle, what is the minimum number of
measurements you would need in order to find both the
circumference and the area? What measurements will meet that
condition?

c. What formulas show how to calculate circumference C and area A
of a circle from the measurements you described in Part b?

Summarize
the Mathematics
In this investigation, you developed your skill in finding symbolic rules for patterns
that relate dependent and independent variables.
a What strategies for finding algebraic rules do you find helpful when information about
the pattern comes in the form of words describing the relationship of the variables?

b In general, what information is needed to calculate perimeter and area for:
i. a rectangle?
iii. a right triangle?
v. a circle?

c

ii. a parallelogram that is not a rectangle?
iv. a nonright triangle?

What formulas guide calculations of perimeter and area for each figure listed in Part b?

Be prepared to share your strategies and results with the class.

LESSON 3 • Tools for Studying Patterns of Change
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7

a. The measurements for the right triangle are approximately
a = 1.5 in. (3.8 cm), b = 2 in. (5.1 cm) and c = 2.5 in. (6.4 cm).
Based on these measurements:
P ≈ 6 in. (15.2 cm)
A ≈ 1.5 in.2 (9.7 cm2)

The measurements for the obtuse triangle are approximately
LM = 2 in. (5.1 cm), LN = 3.4 in. (8.6 cm), MN = 1.8 in. (4.6 cm),
and the height from N to LM is 1.5 in. (3.8 cm). Based on these
measurements:
P ≈ 7.2 in. (18.3 cm)
A ≈ 1.5 in.2 (9.7 cm2)

Unit 1

b. In a right triangle, if any two of the side lengths are known, the third
can be calculated using the Pythagorean Theorem. That means only
two ruler measurements will be required to find perimeter and area.

c. P = a + b + c
A = 0.5ab

d. In general, three ruler measurements are needed to find the perimeter
and area of a triangle that is not some special type (like right,
equilateral, or isosceles triangles). That might not be so obvious on the
given drawing of triangle LMN, since students might argue that you
need to measure all three sides and an altitude. Since the first point of
this problem is to review formulas for finding perimeter and area of
familiar figures, the point will have been made even if no student
recognizes a more efficient 3-measurement strategy (using the
Pythagorean Theorem for some intermediate calculations).
The following sketch shows how 3 measurements will be sufficient.
From knowledge of LM, MB, and NB one can deduce the other side
lengths; the same result can be derived from knowledge of LM, MN,
and NB or from several other combinations of three relevant segment
lengths.
.

,

-

"

e. The most familiar formulas will probably be something like
P = ℓ + m + n, where ℓ, m, and n are the three side lengths, and
A = bh, where b is one of the side lengths and h is the height from
point N to side LM.

Tools for Studying Patterns of Change
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8

a. The radius is approximately 1 in. (2.54 cm). Based on that
measurement:
C ≈ 2π in. (5.1π cm).
A ≈ π in.2 (6.5π cm2)

b. For both the circumference and area, the radius (or diameter) is the
only ruler measurement required.

c. C = 2πr, when r is the radius, and C = πd when d is the diameter.

冠d

Unit 1

A = πr 2, when r is the radius of the circle, and A = π ᎏ2 冹2 when d is
the diameter of the circle.

Summary
Students need not write a solution to this Summarize the Mathematics until
after the class discussion. See Part c. You might ask groups presenting particular
problems to be prepared to respond to particular questions.
Problem(s) Summary Item
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a

5

bi

6

bii

7

biii and biv

8

bv
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Summarize
the Mathematics

In this investigation, you developed your skill in ﬁnding
symbolic rules for patterns that relate dependent and
independent variables.

a What strategies for ﬁnding algebraic rules do you ﬁnd helpful

a There aren’t well-defined and easily learned algorithms for the

when information about the pattern comes in the form of
words describing the relationship of the variables?

b

and area for:
i. a rectangle?
ii. a parallelogram that is not a rectangle?
iii. a right triangle?
iv. a non-right triangle?
v. a circle?

c What formulas guide calculations of perimeter and area for
each ﬁgure listed in Part b?
Be prepared to share your strategies and results with the class.

Transparency Master • use with page 51
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i. The length and width of the rectangle are the most common
measurements used for calculating perimeter and area of rectangles.
ii. For parallelograms the lengths of any two adjacent sides are the
most common measurements used to find perimeter. The length
of one side and the altitude to that side are the most common
measurements used to find area.
iii. The most common measurements used to find perimeter of a right
triangle are the lengths of the three sides. However, if one uses
the Pythagorean Theorem, it is only necessary to measure two of
those sides and derive the length of the third. To find the area
of a right triangle, the most common approach uses the lengths
of the two legs (not the hypotenuse).
iv. For triangles that are not right, equilateral, or isosceles, one needs to
make three measurements in order to find perimeter and area. At this
point, students will likely not know this. They will indicate the need to
make four measurements—all three side lengths and an altitude.
v. Circumference and area of a circle can be calculated after
measuring only the radius or the diameter.

c Students’ perimeter and area formulas may vary. Class discussion
about which formulas are most informative and the importance of
defining variables should occur at this point. Class agreed-upon
formulas can be written on the Unit Summary template.
i. P = 2ℓ + 2w and A = ℓw, where ℓ and w represent the lengths of
two adjacent sides.
ii. P = 2a + 2b, where a and b are the lengths of any two adjacent
sides. A = bh, where b is the length of a base and h is the height
of the parallelogram to the base b.
iii. P = a + b + c and A = 0.5ab, where a and b are the lengths of
the legs and c is the length of the hypotenuse.
iv. P = ℓ + m + n, where ℓ, m, and n are the three side lengths.
A = bh, where b is one of the side lengths and h is the height to b.
v. C = 2πr and A = πb2, where r is the radius of the circle.

MATH TOOLKIT Class
agreed-upon formulas for
perimeter and area can
be recorded if students
themselves think it would
be helpful.
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processes involved in this sort of problem modeling, so the summary
discussion should encourage students to share their struggles with
the tasks openly. Responses will vary as students report how they
approached the problems of this type. They might report strategies
like looking at some sample related pairs to see what arithmetic
operations would derive the second number from the first. The second
step may be to try those operations on some other related numbers.
They might look for the pattern of change in the y values and try to
link that to NOW-NEXT thinking. Students might also report looking for
some fixed amounts and some rates per person or per item.

b In general, what information is needed to calculate perimeter

Check Your Understanding
Write algebraic rules expressing the relationships in these situations.

a. Students and parents who attend the Banneker High School Take a
Chance carnival night spend an average of $12 per person playing the
various games. Operation of the event costs the student government
$200. What is the relationship between profit P of the carnival night and
number of people who attend n?

b. The figure drawn below is an isosceles triangle with KL = LM.

Unit 1

,

+

-

i. Use a ruler to make measurements from which you can estimate the
perimeter and area of triangle KLM.

ii. For any isosceles triangle, what is the minimum number of
measurements you would need in order to estimate both its
perimeter and its area? What measurements will meet that
condition?

iii. Write formulas showing how the measurements you described in
part ii can be used to calculate perimeter P and area A of an
isosceles triangle.

I nvesti
nvestiggation

2

Quick Tables, Graphs,
and Solutions

The rule I = p(50 – p) predicts daily bungee jump income at Five Star
Amusement Park. This rule arises from the fact that income is computed by
multiplying price by the number of customers. In this case, p is the price
per jump and (50 – p) is the number of customers expected at that price.
In this investigation, you will use rules to produce tables, graphs, and
symbolic manipulations that help to answer questions such as:
• What income is expected if the price is set at $10 per jump?
• What should the price be in order to get income of at least $500
per day?
• What price per jump will produce maximum daily income?

52
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PROCESSING PROMPT We
checked our thinking by … .

Check Your Understanding
a. P = 12n - 200, where P is profit of the carnival night and n is the number
of people who attend.

b.

−−−

3
i. KL ≈ 3ᎏ
16", KM = 5", and height from L to KM is 2".
ii. Two ruler measurements are good enough to find the perimeter and

Unit 1

area of the isosceles triangle, if one knows how to use the Pythagorean
Theorem. For the given drawing, one could use a measurement of the
base and one of the congruent sides—applying Pythagoras to calculate
the height from L to KM—or the base KM and one of the congruent
sides—again using the Pythagorean Theorem to find the height.

iii. One natural formula for perimeter would be P = ℓ1 + 2ℓ2, where ℓ1 is

the base of the isosceles triangle and ℓ2 is the length of the two equal
sides.
For area, the most common formula would be A = 0.5ℓ1a1, where ℓ1 is
the length of the base and a1 is the length of the altitude from L to KM.
If one wanted to get by with only the side length measurements ℓ1 and ℓ2
for area as well, it would be necessary to replace a1 by the expression

1
ℓ22 - 2ᎏℓ1 冹2 .

√

冠
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Quick Tables, Graphs,
and Solutions

The purpose of this investigation is to help students develop skill in searching
through calculator- or computer-generated tables of function values, graphs of
functions, and computer symbol manipulation tools to answer the kinds of
questions that come up so often when two variables are related by a rule or
an equation. The questions often fit one of these generic problem types:
• Find the output of a rule for a given input.
• Find the input that will give a specified output.
• Find inputs that keep an output greater than or less than some
specified value.
Many such questions, for simple functions, can be solved without use of fancy
calculating, graphic, or symbol manipulation tools. However, as the algebraic
expressions involved get more complex, the tools are very helpful.
In this investigation, we follow a single rule that students have worked with
before—the dependence of daily income from an amusement park bungee jump
on price per jump given by the rule I = p(50 - p)—in order to demonstrate use
of tables, graphs, and computer symbol manipulation to answer questions
about that relationship. The basic demand function n = 50 - p is, of course,
much simpler than what one might find from realistic analysis of careful market
research data. However, it has some of the reasonable properties of such
relationships (e.g., as price increases, sales decrease), and it does not disguise
the underlying algebraic issues with contextual complexity.

Tools for Studying Patterns of Change
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Sometimes you can answer questions like these by doing some simple
arithmetic calculations. In other cases, calculators and computers provide
useful tools for the work. As you work through the investigation, look for
answers to this question:
How can you use calculator or computer tools to produce tables,
graphs, and symbolic manipulations, which can help you
to study relationships between variables?

1

Using Tables You can use computer software or a graphing

Unit 1

calculator to produce tables of related values for the independent and
dependent variables. For example, examine the table of sample
(price per jump, daily income) data below.

Producing a Table
Enter Rule

Set Up Table

Display Table

Scanning the table you can see, for example, that with the price set at
$10, Five Star expects a daily bungee jump income of $400.
Use the software or calculator you have to produce and scan tables
for the rule I = p(50 – p) in order to estimate answers for these
questions:

a. What daily income will result if the price is set at $19?
b. To reach a daily income of at least $500, why should the price be
at least $14, but not more than $36?

c. What price(s) will yield a daily income of at least $300?
d. What price will yield the maximum possible daily income?
e. How would you describe the pattern of change in income as price
increases from $0 to $50 in steps of $1?

2

Using Graphs Computer software and graphing calculators can
also be used to produce graphs of relationships between variables. For
example, see the graph below for I = p(50 – p) relating price per jump
and daily income for the Five Star bungee jump.

Producing a Graph
Enter Rule

Set Viewing Window

Display Graph

LESSON 3 • Tools for Studying Patterns of Change
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Teaching Resources

Investigation Launch

COLLABORATION COMMUNICATION SKILL Disagree in an agreeable way.

1

a. I = $589 when p = 19 is found in the table for Y1 = x(50 - x).
b. Looking at the table, you see that ticket prices of $14, $36, and any

Transparency Master 38.
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Patterns of Change

Technology Tip
TI-83 and TI-84

Producing Tables of Function Values
Calculator Commands

Expected Display

Enter Formula:
NN

50

NN

Set Up Table:
Table Start: 0
Table Steps: 10

Display Graph:

38
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TECHNOLOGY NOTE
Encourage students to
change the values for
TblStart and ΔTbl in order
to see helpful values in the
table.

prices between $14 and $36 give an income greater than $500. You
also see that x < $14 or x > $36 gives an income less than $500.

c. Any price between $7 and $43 including $7 and $43 will give daily
income of at least $300. Symbolically, 7 ≤ p ≤ 43.

d. A price of $25 will yield I = 625. That appears to be the maximum
daily income in dollars.

e. Income increases quickly at first, then more slowly when approaching
the maximum point. It then decreases slowly at first and then more
quickly. Change from increase to decrease happens at x = 25. This
can be seen by scrolling through the table from p = 1 to p = 50 and
observing how successive income values change.

Tools for Studying Patterns of Change
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While it might be somewhat natural to us that one can calculate income from
a commercial venture by finding the product of price and number of sales,
experience has taught us that this key concept is puzzling to students. As you
launch students into Investigation 2, you might start with reintroducing the Five
Star Amusement Park context and the information that this investigation will
focus on the income produced by the bungee attraction. Then ask, “If the price
for a jump is $10, how much income will the park get?” Students should
recognize that they need more information to know how many customers
bought tickets. Recognizing that Income is related to price of tickets and that
the number of customers is related to the price of tickets before students read
the investigation introduction should help them understand the text. Note that
students need not answer the bulleted questions in the introduction. The
questions are listed as the types of questions students will encounter in the
investigation.

Use the software or calculator you have to produce and trace a graph
for I = p(50 – p) and estimate answers to the following questions. In
each case, report your results with a sketch that shows how the
answer is displayed on the calculator or computer screen.

a. What income is expected if the price is set at $17?
b. What price(s) will lead to a daily income of about $550?
c. How does the predicted income change as the price increases from
$0 to $50?

d. What price will lead to maximum daily income from the bungee
jump attraction?

Unit 1

3

Using Computer Algebra Systems When you can express
the connection between two variables with a symbolic rule, many
important questions can be written as equations to be solved. For
example, to find the price per bungee jump that will give daily
income of $500, you have to solve the equation
p(50 – p) = 500.
As you’ve seen, it is possible to estimate values of p satisfying this
equation by scanning values in a table or tracing points on the graph
of I = p(50 – p). Computers and calculators are often programmed
with computer algebra systems that solve automatically and exactly.
One common form of the required instructions looks like this:
solve(p·(50-p)=500,p)
),
When you execute the command (often by simply pressing
you will see the solution(s) displayed in a form similar to that shown
below.

Solving an Equation

This display shows a special feature of computer algebra systems—
they can operate in both approximate mode like graphing calculators
or exact mode. (When some calculators with computer algebra
systems are set in AUTO mode, they use exact form where possible.
But they use approximate mode when an entry contains a decimal
point.)
You can check both solutions with commands that substitute the
values for p in the expression p(50 – p). The screen will look
something like the following display.
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a. I ≈ 561 when p ≈ 17 can be seen by tracing points on the graph.

Teaching Resources
Transparency Master 39.
UNIT

1

Patterns of Change

Technology Tip
TI-83 and TI-84

Producing Graphs of Functions
Calculator Commands

Expected Display

Enter Formula:
NN

Set Viewing Window:
10

NN

50

60

, etc.

Display Graph:

b. p ≈ 16.5 and p ≈ 33.5 make I ≈ 550, as can be seen by tracing the
graph.

Trace the Graph:

c. Starting at p = 0, income increases quickly at first and then more

slowly to $625 when p = 25. Then income decreases slowly at first
and then more quickly to zero again when p = 50. This numerical
pattern can be seen by the shape of the graph.

d. A price of $25 will yield maximum income of $625. This can be seen
to be the highest point on the graph.

UNIT 1 • Patterns of Change
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INSTRUCTIONAL NOTE
This is an opportunity to have
a class discussion about how
the information in tables can
help decide on a good
viewing window for the
corresponding graph.

CPMP-Tools
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Student Master • use with pages 53–54

Evaluating an Expression

Unit 1

Computer algebra systems can do many other algebraic operations
that you will learn about in future study. To get started, modify the
instructions illustrated above to answer the following questions. In
each case, check your results by using the same computer algebra
system, scans of graphing calculator tables or traces of graphs, or
arithmetic calculations.

a. What bungee jump price will give a predicted daily income of
$450? An income of $0?

b. What daily income is predicted for a jump price of $23? For a
jump price of $42?

c. What question will be answered by solving the equation
p(50 – p) = 225? What is the answer?

d. How could you solve the equation p(50 – p) = 0 just by thinking
about the question, “What values of p will make the expression
p(50 – p) equal to zero?”

Summarize
the Mathematics
In this investigation, you developed skill in use of calculator or computer tools to
study relations between variables. You learned how to construct tables and graphs
of pairs of values and how to use a computer algebra system to solve equations.
10
a Suppose that you were given the algebraic rule y = 5x + _
relating two variables.
x
How could you use that rule to find:
• the value of y when x = 4
• the value(s) of x that give y = 15
i. using a table of (x, y) values?
ii. using a graph of (x, y) values?
iii. using a computer algebra system?

b What seem to be the strengths and limitations of each tool—table, graph, and computer
algebra system—in answering questions about related variables? What do these tools
offer that makes problem solving easier than it would be without them?

Be prepared to share your thinking with the class.
LESSON 3 • Tools for Studying Patterns of Change
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Teaching Resources

TECHNOLOGY NOTE You may choose to use a one-computer interactive
discussion using the CPMP-Tools CAS under Algebra, or other CAS tools.
See page T55B.

Transparency Master 40.
UNIT

1

Patterns of Change

Technology Tip
TI-89

a. To find prices that will give income of $450, we need to solve

Solving an Equation

p(50 - p) = 450.

Calculator Commands

To find prices that will give income of $0, we need to solve
p(50 - p) = 0.

Expected Display

50



500

To obtain approximate answers without changing
from auto mode to approximate mode, arrow over
on the equation line and insert a decimal point
after 50.
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Unit 1

40

Student Master • use with page 54

Teaching Resources
b. To find the predicted income for prices of $23 and $42, we need to

Transparency Master 41.
UNIT

1

Patterns of Change

evaluate the expression p(50 - p) at those values of p.

Technology Tip
TI-89

Evaluating an Expression
Calculator Commands


5
5

Expected Display

50

|




5

Student Master • use with page 55
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c. To find the price that will yield a daily income of $225 we need to
solve the equation p(50 - p) = 225.

CPMP-Tools

d. This equation can be solved if one realizes that the product will be
zero if p = 0 or if p = 50. That does not require a CAS. However, only
a small change in the question and the related equation makes access
to a CAS very helpful.

NOTE One important goal
of the algebra and functions
strand in Core-Plus
Mathematics is to help
students develop good
judgment about choice of
tools that are well-suited
to the problems that are
presented as in this lesson.

Tools for Studying Patterns of Change
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Teaching Resources

Summarize

Transparency Master 42.
UNIT

1

the Mathematics

Patterns of Change

Summarize
the Mathematics

In this investigation, you developed skill in use of calculator or
computer tools to study relations between variables. You
learned how to construct tables and graphs of pairs of values
and how to use a computer algebra system to solve equations.

a Suppose that you were given the algebraic rule y = 5x +

a



relating two variables. How could you use that rule to ﬁnd:
• the value of y when x = 4
• the value(s) of x that give y = 15
i. using a table of (x, y) values?
ii. using a graph of (x, y) values?
iii. using a computer algebra system?

b What seem to be the strengths and limitations of each tool—
table, graph, and computer algebra system—in answering
questions about related variables? What do these tools
offer that makes problem solving easier than it would be
without them?

Unit 1

Be prepared to share your thinking with the class.
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CPMP-Tools

i. Using a table:
• Scroll to the given x value and look at the corresponding
y value.
• Scroll to the given y value (approximately) and look at the
corresponding x value.
ii. Using a graph:
• You can use the cursor keys to place the trace mark over
the point with the x-coordinate of interest and read off the
y-coordinate.
• Using “trace,” find the point(s) with approximate given y value,
and read off the corresponding x-coordinates to get as close as
possible.
iii. Using a CAS:
• Type 5x+10/x|x=4 in the command line and press
.
• Type solve(5x+10/x=15,x) in the command line and press
. Alternatively, select “Solve” from the algebra pull down
menu (F2) and follow with typing in the equation to be solved
and the variable to solve for, followed by pressing
.

b Using the table may take a long time, it is not always easy to see the
overall pattern of change, and if there are two corresponding x values
for a given y you might miss one of them. However, the table does
give numerical information directly.
The graph gives an overall view of the pattern of change involved in
the situation, assuming you find an appropriate viewing window.
Tracing the graph allows you to see approximate x values and y values.
Using the computer algebra system makes it easy to find exact solution
of equations. However, it is also easy to overlook typing errors and the
CAS does not give any overall view of the pattern of change involved
in the situation.

MATH TOOLKIT Summarize
how you can use a table,
graph, or CAS to answer
questions about an algebraic
rule.

PROCESSING PROMPT In any group, it is helpful to disagree in an agreeable
way because …
1. ___________________ 2. ___________________

T55A UNIT 1 • Patterns of Change

TECHNOLOGY AND DIFFERENTIATION NOTE CPMP-Tools algebra software
includes a CAS that allows you to solve equations as on page 54.

Unit 1
CPMP-Tools

The CPMP-Tools CAS also allows you to define functions with parameters as
coefficients and adjust those coefficients dynamically. Investigation 3, The
Shapes of Algebra, has the focus question: “How do the forms of algebraic rules
give useful information about the patterns in tables and graphs produced by
those graphs?” This question could be investigated using the CAS slider feature
and the split screen as shown in the screens below. One way to facilitate the
investigation would be to have each group of students use a single computer to
complete one of the experiments or explore one of the forms of algebraic rules.
Then have students demonstrate their findings using a projection system.
Another option would be to begin the investigation in class and allow students
to continue seeking an answer to this question using CPMP-Tools at home or on
a school computer following the class period. This would allow students who
process more slowly some individual time to explore these ideas. Alternatively,
those students who pick up quickly on the information from the rules suggested
in the text may wish to explore other algebraic rules of their own design.
Placing the choice of tool and how far to extend the investigation in the hands
of students may increase the motivation of some students.

Tools for Studying Patterns of Change T55B

Check Your Understanding
Weekly profit at the Starlight Cinema
theater depends on the number of
theater customers according to the rule
P = 6.5n – 2,500. Use table, graph, and
computer algebra system methods to
complete Parts a–c. For each question:

Unit 1

• Report the setups you use to
answer the questions by making
and studying tables of (n, P) values.
In each case, give the starting value
and step size for the table that shows
a satisfactory estimate of the answer.
• Report the window setups used to
answer the questions by tracing a
graph of the rule P = 6.5n – 2,500.

• Report the computer algebra system commands used to answer the
questions and the results in approximate and exact modes.

a. To find the break-even point for the business, you need to find the
value of n that produces a value of P equal to 0. That means you have
to solve the equation 0 = 6.5n – 2,500. What values of n satisfy that
equation?

b. What profit is predicted if the theater has 750 customers in a week?
c. What number of customers will be needed to make a profit of $1,000 in
a week?

d. How could you answer the questions in Parts a–c if the only “tool” you
had was your own arithmetic skills or a calculator that could only do
the basic operations of arithmetic (+, –, ×, ÷)?

I nvesti
nvestiggation

3

The Shapes of Algebra

The patterns you discovered while working
on problems of earlier investigations illustrate
only a few of the many ways that tables,
graphs, and algebraic rules are useful in
studying relations among variables. To find
and use rules that relate independent and
dependent variables or that predict change
in one variable over time, it helps to be
familiar with the table and graph patterns
associated with various symbolic forms.
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Check Your Understanding

INSTRUCTIONAL NOTE
Before assigning the Check
Your Understanding, you
might ask students to
explain what is meant by a
break-even point.

Using a calculator or computer table tool, setup and result screens for
y = 6.5x - 2500 might look like this:

CPMP-Tools

Unit 1

Using a calculator or computer graphing tool, the setup and result screens
might look like this:

Using a computer algebra system, the screens will look like this:

a.
b.
c.
d.

Break-even with about 385 customers
Profit of $2,375 with 750 customers
539 customers needed to make $1,000 profit
To find the break-even point you only need to calculate 2,500 ÷ 6.5; to find
the profit from 750 customers, you only need to calculate 6.5(750) - 2,500;
to find the price that will give $1,000 profit you only need to calculate
(1,000 + 2,500) ÷ 6.5.
While for many students, these problems might be easy to solve with just
arithmetic reasoning and mental or paper and pencil calculation, the main
point of the investigation and this CYU problem is to develop technology
skills and the associated function and equation concepts that will be useful
when the algebraic tasks are not so simple.

Tools for Studying Patterns of Change
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As you work on the explorations of this investigation, look for answers to
this question:
How do the forms of algebraic rules give useful information about
the patterns in tables and graphs produced by those rules?

Unit 1

You can get ideas about connections between symbolic rules and table and
graph patterns by exploration with a graphing calculator or a computer tool.
You might find it efficient to share the following explorations among groups
in your class and share examples within an exploration among individuals
in a group.
In each exploration, you are given several symbolic rules to compare and
contrast. To discover similarities and differences among the examples of
each exploration:
• For each rule in the set, produce a table of (x, y) values with integer
values of x and graphs of (x, y) values for x between –5 and 5.

• Record the table patterns and sketches of the graphs in your notes as
shown here for the example y = 0.5x – 1.
x

-5

-4

y = 0.5x - 1 -3.5 -3.0

-3
…

-2

-1

0

1

2

3

4

5

Y

Y

X

X

• Then compare the tables, graphs, and symbolic rules in the exploration.
Note similarities, differences, and connections between the symbolic
rules and the table and graph patterns. Explore some other similar rules
to test your ideas.
• Try to explain why the observed connection between rules and
table/graph patterns makes sense.
Exploration 1. Compare the patterns of change in tables and graphs for
these rules.

a. y = 2x – 4

b. y = –0.5x + 2

c. y = 0.5x + 2

2
d. y = _
–4
x

Exploration 2. Compare the patterns of change in tables and graphs for
these rules.

a. y = x2

b. y = 2x

c. y = –x2

d. y = –x2 + 2

LESSON 3 • Tools for Studying Patterns of Change
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I nvesti
nvestiggation

3

The Shapes of Algebra

This investigation continues the spirit of exploring a range of common algebraic
functions, to build students’ intuition about the connections between numerical
patterns, graphs, rules, and problem conditions. Specifically, this investigation
does two things. First, it gives students further practice in use of the calculator
or computer graphing and table tools. Second, it engages students in systematic
comparison of table and graph patterns associated with some of the basic
function rule types.

Teaching Resources
Students should record their
work on the student master.
They will need one sheet for
each exploration.
Student Master 43.
UNIT

1

Patterns of Change

Name ____________________________
Date _____________________________

Explorations
x

-5

-4

-3

-2

-1

0

1

2

3

4

5

3

4

5

Unit 1

The idea behind this particular investigation is to give students some initial
ideas about the important function families they will study in detail in later
Core-Plus Mathematics units. There is no need to linger over this investigation
until students have gotten everything possible from it. Furthermore, we envision
a classroom operating environment in which different groups tackle different
explorations and prepare reports to the class on their particular set of function
examples.

y

Rule:

y

Window:
Xmin = -5
Xmax = 5
Xscl = 1
Ymin =
Ymax =
Yscl =

x

-5

-4

-3

-2

-1

0

1

2

y
y

Rule:
Window:
Xmin = -5
Xmax = 5
Xscl = 1
Ymin =
Ymax =
Yscl =

INSTRUCTIONAL NOTE You might assign one exploration to each group so that
every exploration is dealt with by at least one group. Groups could record the
following information on chart paper for their group report to the class.
Student Master • use with pages 56–58

UNIT 1 • Patterns of Change
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1. Graph one of the three similar rules.
2. Record their observations about similarities in the (1) graphs, (2) tables, and
(3) algebraic rules.
These summaries could be extended as a class discussion takes place after each
group presentation. The charts could be left up in the classroom and referred to as
students explore these functions throughout the year. If you do a Google search for
“getting out of line CPMP,” you will find this lesson on PBS TeacherSource. The
printable lesson plan includes other resources. “Tips from Ellen” might give
additional ideas for presenting group work.

TECHNOLOGY NOTE
CPMP-Tools CAS can be
incorporated into this
investigation. See page T55B
for options.

CPMP-Tools

Exploration 1—The examples here are, with only one exception, linear
functions with the types of table and graph patterns one would expect (though
students won’t necessarily know what to expect). Students should notice that
Part d is the exception and that the coefficient of x tells whether the linear
graph is increasing or decreasing and roughly whether the graph slope is steep
or flat. They might notice that the constant term tells the y-intercept. However,
at this point all of these observations should be viewed as conjectures. When
students are presenting their ideas, you might want to ask them if they can
explain why things happen the way they do by analyzing the form of the
2
function rule. For example, they might notice that the difference in y = ᎏx - 4 is
2
largely due to the fact that when x approaches 0, the values of ᎏx get very large
2
and when the values of x get large (positive), the values of ᎏx get small
(positive). All of this is related to the way division behaves.

Tools for Studying Patterns of Change
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a. y = 2x - 4
x

Unit 1

y

-5

-4

-3 -2 -1

0

1

2

3

4

5

-14 -12 -10 -8 -6 -4 -2

0

2

4

6

b. y = -0.5x + 2
x
y

-5
4.5

-4 -3
4

3.5

-2 -1
3

2.5

0

1

2

3

4

5

2

1.5

1

0.5

0

-0.5

0

1

2

3

4

5

2

2.5

3

3.5

4

4.5

c. y = 0.5x + 2
x
y

-5

-0.5

-4 -3
0

0.5

-4

-3

-2 -1
1

1.5

d. y = 2ᎏx - 4
x
y

CPMP-Tools
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-5

-4.4

-4.5 -4.667

-2

-5

-1

0

1

2

3

4

5

-6 undefined -2 -3 -3.333 -3.5 -3.6

Exploration 2—All but one of these functions are quadratics, the exception
being the item in Part b, which is exponential. Students might note that all
have graphs that are either hill- or valley-shaped. Values in the tables rise to a
maximum and then fall or vice versa. The quadratic rules all involve an x2 term,
and the coefficient of that term (positive or negative) tells whether one has a hill
or a valley graph. The fact that for Part b the variable is in the exponent is the
distinguishing feature, making the power rather than the base grow as x increases.

INSTRUCTIONAL NOTE
The word “quadratic” is
introduced in Unit 7. Students
may describe these patterns
as U-shaped at this point.

CPMP-Tools

a. y = x2
x

-5

-4

y

25

16

-3 -2 -1
9

4

1

0

1

2

3

4

5

0

1

4

9

16

25

Unit 1

b. y = 2x
x
y

-5

-4

0.031

0.063

-3

-2

0.125

-1

0.25

0.5

0

1

2

3

1

2

4

8

4

5

16 32

c. y = -x2
x
y

-5

-4 -3 -2 -1

-25 -16 -9 -4 -1

0
0

1

2

3

4

5

-1 -4 -9 -16 -25

d. y = -x2 + 2
x
y

-5

-4 -3 -2 -1

0

1

1

2

1

-23 -14 -7 -2

2

3

4

5

-2 -7 -14 -23
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Exploration 3. Compare the patterns of change in tables and graphs for
these rules.
1
a. y = _
x

b. y = _3x

3
c. y = _
x

5
d. y = – _
x

Exploration 4. Compare the patterns of change in tables and graphs for
these rules.

a. y = 3x

b. y = x3

c. y = 1.5x

d. y = 4x

Unit 1

Summarize
the Mathematics
As a result of the explorations, you probably have some ideas about the patterns in
tables of (x, y) values and the shapes of graphs that can be expected for various
symbolic rules. Summarize your conjectures in statements like these:
a If we see a rule like … , we expect to get a table like … .

b If we see a rule like … , we expect to get a graph like … .
c

If we see a graph pattern like … , we expect to get a table like … .

Be prepared to share your ideas with others in your class.

Check Your Understanding
Each item here gives three algebraic rules—one of which will have quite
different table and graph patterns than the other two. In each case, spot the
“alien” rule and explain how and why its graph and/or table pattern will
look different from the other two.
10
a. y = _
x

y = 10x

y = x + 10

c. y = 1.5x – 4

y = (1.5x) – 4

y=

58

58
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2x

b. y = x2 + 1
y=x+1

y = 1 – x2

d. y = 1.5x – 4
y = 0.5x – 4

y = –1.5x – 4

Exploration 3—All but one of the functions in this set are examples of
inverse variation. The exception is in Part b, which is a linear rule but in a form
that students seem to have a great deal of trouble recognizing.
For the inverse variation examples (a, c, and d), students may notice two
symmetric hyperbola wings, an undefined point wherever the denominator is zero,
and curved graphs that approach the x- and y-axes without intercepting them.
The pattern of change for equations with variables in the denominator is not
a constant rate of change.

a. y = 1ᎏx
y

-5

-4

-3

-2

-0.2 -0.25 -0.333 -0.5

-1

0

-1 undefined

1

2

3

4

5

1

0.5 0.333 0.25 0.2

Unit 1

x

b. y = ᎏ3x
x
y

-5

-4

-3 -2

-1

-1.667 -1.333 -1 -0.667 -0.333

0

1

2

3

4

0

0.333 0.667

1

2

3

4

3

1.5

1

0.75 0.6

5

1

1.333 1.667

c. y = 3ᎏx
x
y

-5

-4

-3 -2

-1

0

-0.6 -0.75 -1 -1.5 -3 undefined

5
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d. y = -5ᎏx
x

Unit 1

y

-5 -4
1

-3

1.25

-2

1.667

-1

0

1

2

3

4

5

5 undefined -5 -2.5 -1.667 -1.25 -1

2.5

Exploration 4—All but one of the functions in this set are examples of
exponential functions. The exception is in Part b because the variable is not
in the exponent in that case. Exponential growth curves look similar to half a
parabola. The differences between those exponential curves and parabolic
curves are more subtle than we expect students to notice or be able to
understand at this point. Students should describe patterns of change for each
graph as increasing quickly, slowly, etc. They will examine each type in more
detail in later units.
a. y = 3x
x
y

-5
0.004

-4

-3

0.012

-2

0.037

-1

0.111

0.333

0

1

2

1

3

9

b. y = x3
x
y
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-5

-4

-3 -2 -1

-125 -64 -27 -8 -1

0

1

2

0

1

8

3

4

5

27 64 125

3

4

5

27 81 243

c. y = (1.5x)
x
y

-5

-4

0.132

-3

0.198

-2

0.296

-1

0.444

0.667

0

1

1

1.5 2.25 3.375 5.063 7.594

2

3

4

5

Unit 1

d. y = 4x
x
y

-5
0.00098

-4
0.004

-3
0.0156

-2
0.0625

-1
0.25

0

1

1

4

2

3

4

5

16 64 256 1,024

INSTRUCTIONAL NOTE
Groups doing Part d should
report how they interpreted
the calculator display for 4-5.
This is an opportunity to
introduce or revisit the “E”
(scientific notation on the
calculator).

Summary
The group presentations suggested for the explorations are designed to include
these summary ideas. Use the notes here to help guide your class discussion
and your questions for the groups of the class as presentations are made.

Teaching Resources

Summarize

Transparency Master 44.

the Mathematics

UNIT

1

Patterns of Change

Summarize
the Mathematics

As a result of the explorations, you probably have some ideas
about the patterns in tables of (x, y) values and the shapes of
graphs that can be expected for various symbolic rules.
Summarize your conjectures in statements like these:

a If we see a rule like …, we expect to get a table like … .

a If you see a rule like y = 3x + 4, you expect to get a table that has a

y value of 4 when x = 0, and a pattern that sees the y values increase
by 3 for every increase of 1 in the x values.

b If we see a rule like …, we expect to get a graph like … .
c If we see a graph pattern like …, we expect to get a table
like … .
Be prepared to share your ideas with others in your class.

Rules like y = x2 + 2 will give tables in which y values decrease for
a while and then increase from y = 2 when x = 0; if the rule is
y = -x2 + 2, the table values of y will increase for a while and then
decrease.
44
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Rules that have the variable in the denominator of a fraction will
produce tables that have very large (negative or positive) values of
y as x nears 0 and very small (positive or negative) values of y for
large (negative or positive) values of x. For x = 0, the calculator will
report “error” for the corresponding y value.

Unit 1

Rules that have the variable in an exponent position and a base
greater than 1 will produce table patterns in which y values start out
small and grow more and more rapidly as x values increase. If the base
is between 0 and 1, the y values start out large and approach 0 as
x values increase.

b If you see a rule like y = 3x + 4, you expect to get a straight line

graph that crosses the y-axis at 4 and slopes upward from left to right
in a straight line. If the coefficient of x is negative, the graph will slope
downward from left to right.
If you see a rule like y = x2 or y = -x2, you expect to get graphs
that look like valleys or hills, respectively.
If you see a rule with x in the denominator of a fraction, you expect
to see a two-part graph with symmetric bowl shapes in opposite
quadrants. Depending on how the graphing mode is set, one might see
a line connecting the left and right parts of the graph. Since the limit
as x approaches 0 from the left is -∞, and the limit as x approaches 0
from the right is ∞, there might be a line drawn from the bottom of
the screen, just left of the y-axis, to the top of the screen, just right of
the y-axis.
If you see a rule with x in the exponent, you expect to get a curve
that either starts along the x-axis rising slowly and then more and more
rapidly (base greater than 1), or starts quite high and then descends
in a curve to run closer and closer to the x-axis (base less than 1).

c If you see a straight-line graph, you expect to see a table pattern in
which y values increase at a steady rate as x values increase.
If you see a valley- or hill-shaped graph, you expect to see a table in
which y values decrease to a minimum and then increase or y values
that increase to a maximum and then decrease.
If you see a graph with bowl-like curved parts in opposite quadrants,
you expect to see table values of y that are close to 0 for large
(positive or negative) values of x and growing very large (negative
or positive) for values of x near 0.

MATH TOOLKIT Students
should record samples of
each of the patterns of
change studied in this lesson.

T58C UNIT 1 • Patterns of Change

If you see the exponential shape of a curved graph, you expect
values of y in a table to grow slowly at first and then more and more
rapidly as x increases (base greater than 1) or to fall rapidly at first
and then more and more slowly approaching 0 as x increases (base
less than 1).

Check Your Understanding
a. The first rule is the “alien,” as it is an inverse variation and the other two
are linear functions. Students should note that the inverse variation has a
“jump” at 0, while the linear rules are continuous. Most students will
probably note that the rate of change is constant in both of the linear rules,
while in the inverse variation rule the rate of change is not constant.

b. The second rule is linear while the other two have the variable squared.

c. The first rule is linear while the second and third are exponential. Although
all three are both continuous and always increasing, students should point
out the great difference in the shape of their graphs, as well as the constant
rate of change in the linear rule.

d. While all three rules are linear, the third might be considered “alien”
because it has a negative rate of change. This results in a graph that is
“slanted” a different way than the other two and a table in which values are
decreasing instead of increasing. Some students could appropriately reason
that the second rule is “alien” because of its 0.5 rate of change.

Tools for Studying Patterns of Change T58D
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Students should note the very differently shaped graphs of the rules. Also,
the rule with the variable squared has values that decrease and then
increase (or vice versa) while the linear rule’s values always increase.

On Your Own

Unit 1

Applications
1

Members of the LaPorte High School football team have decided
to hold a one-day car wash to raise money for trophies and helmet
decals. They plan to charge $7.50 per car, but they need to pay
$55 for water and cleaning supplies. Write a rule that shows how
car wash profit is related to the number of car wash customers.

2

Juan and Tiffany work for their town’s park department cutting
grass in the summer. They can usually cut an acre of grass in about
2 hours. They have to allow 30 minutes for round-trip travel time
from the department equipment shop to a job and back. What rule
tells the time required by any job as a function of the number of
acres of grass to be cut on that job?

3

When a summer thunder-and-lightning storm is
within several miles of your home, you will see the
lightning and then hear the thunder produced by that
lightning. The lightning travels 300,000 kilometers
per second, but the sound of the thunder travels only
330 meters per second. That means that the lightning
arrives almost instantly, while the thunder takes
measurable time to travel from where the lightning
strikes to where you are when you hear it.
You can estimate your distance from a storm center
by counting the time between seeing the lightning
and hearing the thunder. What formula calculates
your distance from the lightning strike as a function
of the time gap between lightning and thunder
arrival?

4

Rush Computer Repair makes service calls to solve computer
problems. They charge $40 for technician travel to the work site and
$55 per hour for time spent working on the problem itself. What
symbolic rule shows how the cost of a computer repair depends on
actual time required to solve the problem?

5

The freshman class officers at Interlake High School ordered
1,200 fruit bars to sell as a fund-raising project. They paid $0.30 per
bar at the time the order was placed. They plan to sell the fruit bars
at school games and concerts for $0.75 apiece. No returns of unsold
bars are possible. What rule shows how project profit depends on the
number of bars sold?
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Applications
p = 7.5n - 55, where n represents the number of car washes and
p represents the profit in dollars.

2

t = 0.5 + 2a, where a represents the area of the grass and t represents the
time in hours required to do the job.

3

d = 330t, where t is the time in seconds and d is the distance away in
meters of the lightning strike. The rule assumes that the sight of lightning
arrives instantly.

4

c = 40 + 55t, where t represents the time spent on the job and
c represents the total cost in dollars for the repair job.

5

p = 0.75n - 360, where n represents the number of bars sold and
p represents the profit in cents.

Tools for Studying Patterns of Change

Unit 1

1

T59

On Your Own
6

Janitorial assistants at Woodward Mall start out earning $6 per hour.
However, the $75 cost of uniforms is deducted from the pay that they
earn.

a. Explain how the rule E = 6.00h – 75 shows how a new employee’s
earnings depend on the number of hours worked.

b. How many hours will a new employee have to work before
receiving a paycheck for some positive amount?

c. How many hours will a new employee have to work to earn pay of
$100 before taxes and other withholdings?

d. Sketch a graph of the rule relating pay earned to hours worked,

Unit 1

and label points with coordinates that provide answers to Parts b
and c.

7

Experiments with a bungee jump suggested the rule L = 30 + 0.2w
relating stretched length of the cord (in feet) to weight of the jumper
(in pounds).

a. What will be the stretched cord length for a jumper weighing
140 pounds?

b. What jumper weights will stretch the cord to a length of at most
65 feet?

c. Sketch a graph of the cord length relationship and label points
with coordinates that give answers to Parts a and b.

d. Study entries in a table of (w, L) values for w = 0 to w = 300 in

steps of 10. Try to figure out what the values 30 and 0.2 tell about
the bungee jump experience.

8

When promoters of a special Bruce Springsteen Labor Day concert did
some market research, they came up with a rule N = 15,000 – 75p
relating number of tickets that would be sold to the ticket price.

a. Income from ticket sales is found by multiplying the number
of tickets sold by the price of each ticket. The rule
I = p(15,000 – 75p) shows how income depends on ticket price.

i. What do the terms p and (15,000 – 75p) each tell about how
ticket price affects the concert business?

ii. Why does the product give income as a function of ticket
price?

b. What ticket price(s) is likely to produce concert income of at least
$550,000?

c. What is the predicted concert income if the ticket price is set
at $30?

d. What ticket price is likely to lead to the greatest concert income?
e. What ticket price(s) will lead to 0 income?
f. Sketch a graph of the relationship between concert income and
ticket price. Then label the points with coordinates that provide
answers to Parts b, c, and d.

60

60
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6

a. E = 6.00h - 75, represents the earnings E because the hourly rate
of $6 is multiplied times the number of hours h and then the $75
uniform cost is deducted.

b. More than 12.5 hours
c. 29.17 hours
%
d.



H
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7

a. 58 feet
c.

b. Weight less than 175 pounds



d. 30 tells length of unstretched cord and 0.2 tells that for every
10 pounds of weight added, the cord stretches an additional 2 feet
(or 0.2 feet per pound).

8

a. i. p is the ticket price and 15,000 - 75p is the number of tickets sold
at price p.

ii. The product is the income I as a function of ticket price because
the amount of money taken in (I) can be computed knowing only
the ticket price p. Income is found by multiplying the price of each
ticket times the number of tickets sold.

b. 48 < p < 152; Ticket prices more than $48 and less than $152 will
give income of at least $550,000.

c. I = 382,500
d. A ticket price of $100
gives a maximum
income of $750,000.

e. Income is 0 when
p = 0 (free admission)
or when p = 200.

NOTE The answer to
Problem 8, Part f can be
found on page T61.
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9

When members of the LaPorte High School football team ran their
fund-raising car wash, they expected profit to be related to number of
cars washed by P = 7.50n – 55.

a. If their goal was to earn a $500 profit, how many cars would the
team have to wash?

b. How many cars would the team need to wash to break even?
10

Without use of your graphing calculator or computer software, sketch
graphs you would expect from these rules. Explain your reasoning in
each case.

Unit 1

a. y = 7x2 + 4
b. y = 7 – _41 x
c. y = 4x – 7
11

Without use of your graphing calculator or computer software, match
the following four rule types to the tables in Parts a–d. Explain your
reasoning in each case.

a. x
y

b. x
y

c. x
y

d. x
y

12

y=_
x

-4

-3

-2

-1

-4

-3

-2

-1

18

11

16

14

-4

0.0625

-4

-1.5

a

y = ax

0

1

2

3

4

5

2

3

6

11

18

27

y = ax2 + b

y = ax + b

6

12

-3

-2

10

-2

0.125

-3

3

0.25

-2

-3

0

1

2

3

4

5

8

6

4

2

0

-2

-1

0.5

-1

0

-6 error

0

1

2

3

4

5

1

2

4

8

16

32

1

2

3

4

5

6

3

2

1.5

1.2

Without use of your graphing calculator or computer software, match
the following four rule types to the graph sketches below. Explain
your reasoning in each case.

b. y = ax2 + b

a. y = ax + b
I

Y

a
c. y = _
x

d. y = ax
Y

II

X
X

III

Y

IV

Y

X
X
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CPMP-Tools

P

Unit 1

9

a. n = 74 gives profit of $500.
b. n = 8 gives profit of $5, n = 7 gives loss of $2.50.

Both answers can be obtained by scanning tables or graphs for
p = 7.5n - 55 or by use of a computer algebra system as follows:

10

a.

Y

The graph is valley-shaped
because the x2 term is
positive. It crosses the
y-axis at 4.
X

b.

Y

The graph is linear and
crosses the y-axis at 7 and
the x-axis at 28.
X

c.

Y

X

n

The 4x means that the
function is exponential,
so it goes up quickly. The
y-intercept is -6 since
40 - 7 = -6.

11

a. y = ax2 + b

b. y = ax + b

12

a. y = ax2 + b

b. y = ax + b

c. y = ax
c. y = aᎏx

d. y = aᎏx
d. y = ax
Tools for Studying Patterns of Change
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Connections
13

Three familiar formulas relate circumference and area of any circle to
the radius or diameter of the circle. All three involve the number π,
which is approximately 3.14.

Unit 1

Circumference: C = πd and C = 2πr
Area: A = πr2

a. Complete a table like the one below to show the pattern of change
in circumference and area of a circle as the radius increases.
Radius r

0

1

2

3

4

5

10

20

Circumference C
Area A

b. Compare the pattern of change in area to the pattern of change in
circumference as radius increases. Explain differences in the
patterns of change by comparing the formulas.

c. How will the area change if the radius is doubled? If it is tripled?
d. How will the circumference change if the radius is doubled? If it is
tripled?

e. Which change in the size of a circle will cause the greater increase
in circumference—doubling the radius or doubling the diameter?
Which of those changes will cause the greater increase in area?

f. Tony’s Pizza Place advertises 2-item, 10-inch pizzas for $7.95 and
2-item, 12-inch pizzas for $9.95. Which pizza is the better buy?

14

For polygons like triangles and rectangles, the formulas for perimeter
and area often involve two variables—usually base and height.
bh
Triangle Area: A = _
2
Rectangle Area: A = bh
Rectangle Perimeter: P = 2b + 2h
1

H
B

a. Complete entries in a table like the following to give a sample of
triangle areas for different base and height values. The base values
are in column A; the height values are in row 1; the areas go in
cell B2 through J10. Then use the table patterns to answer
questions in Parts b and c.
You might find it helpful to write a spreadsheet program to do the
calculations.

62
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13

a. Radius r

0

Circumference C

0

Area A

0

1

2

3

2π 4π 6π

4

5

10

20

8π 10π

20π

40π

π 4π 9π 16π 25π 100π 400π

b. Circumference grows at a steady rate—as radius increases by 1,
circumference increases by 2π; area grows at an increasing rate due
to the squaring of the radius.

c. If radius is doubled, the area is multiplied by 4; tripling the radius
multiplies the area by 9.

d. If the radius is doubled, the circumference is also doubled. If the
radius is tripled the circumference is also tripled.

Unit 1

e. Doubling the radius and doubling the diameter have the same effect
on both circumference and area, since the radius and diameter are
directly proportional to each other. Doubling one essentially doubles
the other also.

f. Figuring the pizza value should be done by comparing cost per
7.95

9.95

ᎏ
unit of area, you get ᎏ
25π for the 10-inch pizza and 36π for the 12-inch
pizza. The rates are 0.10 dollars per square inch and 0.09 dollars per
square inch, respectively; so the larger pizza is the better buy (if you
are actually hungry enough to eat it all).

14

a.
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b. Which change in the size of a triangle causes the greater increase
in area—doubling the base or doubling the height?

c. How will the area of a triangle change if both the base and the
height are doubled? What if both are tripled?

15

Create a table like that in Connections Task 14 to explore patterns of
change in area of rectangles for base and height values from 1 to 9.
Answer the same questions about the effects of doubling base and
height for a rectangle.

16

Create a table like that in Connections Task 14 to explore patterns of
change in perimeter of rectangles for base and height values from 1 to
9. Answer similar questions about the effects on perimeter of doubling
base and height for a rectangle.

17

To answer Connections Task 14 with a spreadsheet, Mr. Conklin wrote
some formulas for a few cells and then used “fill down” and “fill
right” to get the rest of the sheet. Check his ideas in Parts a–c and
explain why each is correct or not.

a. In cell B1, he entered “1”. Then in cell C1, he wrote “=B1+1”
and did “fill right” to complete row 1 of the table.

b. In cell A2, he entered “1”. Then in cell A3, he wrote “=A2+1”
and did “fill down.”

c. In cell B2, he wrote “=0.5*$A2*B$1” and then did “fill down” and
“fill right.”

18

How could the instructions in Connections Task 17 be modified to
produce the tables for

a. rectangle area?
b. rectangle perimeter?
19

For each algebraic rule below, use your calculator or computer
software to produce a table and then write a rule relating NOW and
NEXT values of the y variable.

a. y = 5x + 2
c. y = 2x

b. y = 10x – 3
d. y = 4x
LESSON 3 • Tools for Studying Patterns of Change

63

UNIT 1 • Patterns of Change

63

On Your Own
b. Doubling the base and doubling the height have the same effect on
area of triangles.

c. If both base and height are doubled, the area will be multiplied by 4;
if both are tripled, the area will be multiplied by 9. See, for example,
in the table 2 × 3 has area 3, but 4 × 6 has area 12.
The rectangle table will have entries that are double those of the triangle
table. It matters not whether one doubles base or doubles height, the
effect on area is the same. Doubling both base and height multiplies
area by 4. If both are tripled, the area is multiplied by 9.

16

The perimeter table is given below, for rectangles. Doubling only one
dimension does not double perimeter. Doubling both dimensions does
double the perimeter.

Unit 1

15



17

a. Correct, because each new cell to the right has an entry one greater
than its predecessor to the left.

b. Correct, because each new cell down the A column has an entry one
greater than its predecessor above.

c. Correct, because you want the entry in any cell to be one-half the
product of the entries in the corresponding cells at the top of the
column and the left of the row. The dollar signs fix the letter A to
make sure one factor comes from column A and the number 1 to make
sure the other factor comes from row 1.

18

a. To find area, change cell B2 instruction to remove the factor of 0.5.
b. To find perimeter, change cell B2 instruction to “=2*$A2+2*B$1” or,
alternatively, “=2*($A2+B$1).”

NOTE The answers to
Problem 19 can be found
on page T64.
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20

A cube is a three-dimensional shape with square faces.

a. If the length of an edge of a cube is L,
write an expression for the area of one
of its faces.

,

b. Write a rule that gives the total surface
area A of a cube as a function of the
length L of an edge.

c. Suppose you wished to design a cube

Unit 1

with surface area of 1,000 square
centimeters. To the nearest 0.1 centimeter,
what should be the length of the edge of the cube?

,
,

Reflections
21

If you are asked to write a rule or formula relating variables in a
problem, how would you decide:

a. what the variables are?
b. which of the variables seems most natural to be considered the
independent variable and which the dependent variable?

c. what symbols should be used as shorthand names for the
variables?

d. whether to express the relationship with “y = …” or NOW-NEXT
form?

22

If you enter the rule y = 5x + 100 in your calculator and press the
key, you might at first find no part of the graph on your
screen. The plotted points may not appear in your graphing window.
Talk with others in your class about strategies for making good
window choices. Write down good ideas as a reminder to yourself and
as a help to others.

23

Look back at your work for Part c of Connections Task 20.

a. What technology tool, if any, did you use in answering that
question? How did you decide to use that tool?

b. How could you answer Part c using only the arithmetic capabilities
of your calculator?

24

Suppose that you were asked to answer the following questions about
a relationship between variables given by y = 3.4x + 5. Explain the
tool you would choose for answering each question—calculation in
your head, arithmetic with a calculator, study of a calculator- or
computer-produced table of (x, y) values, study of a calculator- or
computer-produced graph, or use of a computer algebra system
command. Also, explain how you would use the tool.

a.
b.
c.
d.
64

64
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Do the values of y increase or decrease as values of x increase?
How rapidly do the values of y change as the values of x increase?
What is the value of y when x = 7.5?

What is the value of x when y = 23.8?

On Your Own
19

a. x

0

1

y

2

7

2

3

4

5

6

12 17 22 27 32

NEXT = NOW + 5, starting at 2

b. x

0

1

y

-3

7

2

3

4

5

6

17 27 37 47 57

NEXT = NOW + 10, starting at -3

c. x

0

1

2

3

y

1

2

4

8

4

5

6

16 32 64

Unit 1

NEXT = 2 · NOW, starting at 1

d. x

0

1

y

1

4

2

3

4

5

6

16 64 256 1,024 4,096

NEXT = 4 · NOW, starting at 1

20

a. L2
b. A = 6L2
c. 1,000 = 6L2, so L =

1,000

ᎏ
6 ≈ 12.9 cm.

Students may find the necessary length by looking at a table of 6L2
values to find the L value that gives a surface area of 1,000 cm2.

Reflections
21

a–d. Student strategies will vary from student to student, as well as from
item to item.

22

Student responses will vary.

23

a. Student responses will vary.
b. Enter √
(1000/6) into a calculator to answer Part c.

24

a–d. Student responses will vary.
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Extensions
25

The following sketches show the first four stages in a geometric
pattern of rectangular grids made up of unit squares.

a. Describe geometrically how the grids change from one stage to

Unit 1

the next.

b.
c.
d.
e.
26

What is the perimeter of the 5th rectangle?
What is the perimeter of the nth rectangle?
What is the area of the 5th rectangle?
What is the area of the nth rectangle?

Two different civic groups operate concession stands during games at
the local minor-league baseball stadium. Group A sells hot dogs and
soft drinks. Their profit PA depends on the number of customers m and
is given by PA = 3m – 100. Group B sells ice cream. Their profit PB
depends on the number of customers n and is given by PB = 2n – 40.

a. What are the break-even numbers of customers for each
concession stand?

b. Is there any number of customers for which both stands make the
same profit?

c. Which stand is likely to make the greater profit when the game
draws a small crowd? When the game draws a large crowd?

27

Metro Cab Company charges a base price of $1.50 plus 80¢ per mile.
A competitor, Tack See Inc., charges a base price of $2.50 plus 60¢ per
mile.

a. What rules give the charge for a trip with each company as a
function of the length of the trip?

b. If you need to travel 3 miles, which cab company is the least
expensive?

c. If you need to travel 15 miles, which cab company is the least
expensive?

d. For what trip length are the costs the same for the two cab
companies?

28

Suppose, as part of an agreement with her father to do some work for
him during the summer, Tanya will receive 2¢ for the first day of
work, but every day after that her pay will double.

a. What rule shows how to calculate Tanya’s daily pay p on work
day n.

b. What rule using NOW and NEXT shows how Tanya’s pay grows as
each additional day of work passes?
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Extensions
25

a. The grids increase in size by 1 unit horizontally and 1 unit vertically.
b. 22 units
c. P = 4n + 2, where n represents the stage of the pattern and
P represents the perimeter of the rectangle.

d. 30 square units
e. A = n(n + 1), where n represents the stage of the pattern and A
represents the area of the rectangle.

冠

ᎏ
a. Break-even for Group A is 34 customers actually 100
3 冹 ; for Group B it

Unit 1

26

is 20 customers.

b. At 60 customers, both groups make $80 profit.
c. Group B makes greater profit per customer if there are fewer than 60
customers. (If there are 19 or fewer customers, neither group makes a
profit, but Group B will not lose as much as Group A.)
When the game draws a large crowd, Group A will make the greater
profit per customer, with more than 60 customers.

27

a. If d represents distance of the trip and C represents cost of the trip:
Metro Cab: CM = 1.50 + 0.80d
Tack See Inc.: CT = 2.50 + 0.60d

b. For 3 miles, Metro Cab costs less ($3.90 rather than $4.30 with Tack
See Inc.).

c. For 15 miles, Tack See Inc. costs less ($11.50 rather than $13.50 with
Metro Cab).

d. For 5 miles, both cost $5.50.
28

a. p = 0.02(2n - 1), where n is the number of days.
b. NEXT = 2 · NOW, starting at 0.02

Tools for Studying Patterns of Change
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c. If Tanya’s pay for a day is $10.24, how many days has she worked?
d. Find Tanya’s pay for a day after she has worked 20 days.
e. For how many days will she earn less than $20 per day?
29

One car rental company charges $35 per day, gives 100 free miles
per day, and then charges 35¢ per mile for any miles beyond the first
100 miles per day.

a. What rule gives the charge for renting for one day from this
company as a function of the number of miles m driven that day?

b. What rule gives the charge for renting from this company as a
function of both miles driven m and number of days d?

Unit 1

c. A business person plans a trip of 300 miles that could be made in
one day. However, she would arrive home late and is considering
keeping the rental car until the next morning. What would you
suggest? Explain your reasoning.

30

At the start of a match
race for two late-model
stock cars, one stalls
and has to be pushed
to the pits for repairs.
The other car roars off
at an average speed of
2.5 miles per minute.
After 5 minutes of
repair work, the second
car hits the track and
maintains an average speed
of 2.8 miles per minute.

a. How far apart in the race are the two cars 5 minutes after the
start? How far apart are they 10 minutes after the start?

b. What three rules can be used to calculate the distance traveled by
each car and the distance between the two cars at any time after
the start of the race?

c. On the same coordinate axes, make graphs displaying the distances
traveled by each car as a function of time. Use a horizontal scale
that allows you to see the first 60 minutes of the race.

d. On a different set of axes, make another graph showing the
distance between the two cars as a function of time since the start
of the race.

e. Explain what the patterns of the graphs in Parts c and d show
about the progress of the race.

f. Write and solve equations that will answer each of these questions
about the race:

i. How long after the start of the race will it take the first car to
travel 75 miles? The second car?

ii. At what time after the start of the race will the second car
catch up to the first car?
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On Your Own
c. On the 10th day she earns $10.24.
d. Tanya’s pay is $10,485.76 for the 20th day of work.
e. Her pay per day is less than $20 until day 11, when it becomes $20.48.
29

a. If m represents the number of miles driven that day and c represents
the charge for renting that day, then c = 35 + 0.35(m - 100) when
m ≥ 100. When 0 < m < 100, it is $35.

b. Here m represents the miles driven, d represents the number

of days rented, and c represents the total rental charge.
c = 35d + 0.35(m - 100d) when m ≥ 100d. When 0 < m < 100,
it is 35d.

Unit 1

c. For a day trip of 300 miles, the rental charge will be $105. For a
two-day trip of the same distance, the charge will be the same.

30

a. Five minutes after the start, the cars are 12.5 miles apart. After ten
minutes, they are 11 miles apart because the second car is gaining
0.3 miles per minute.

b. The first car distance (in miles) is d1 = 2.5t and the second car

distance is d2 = 2.8(t - 5), where t represents the number of minutes
after the start of the race.

c.

The distance between the two cars is d2 - d1 = 2.8(t - 5) - 2.5t.

d. y = 2.8(x - 5) - 2.5x

e. The graphs show that the second car catches up to and passes the
first car about 47 minutes into the race. This can be seen by the
intersection point in the graph in Part c and the x-intercept in
the graph in Part d.

f.

i. For d1: 2.5t = 75 implies t = 30 minutes.
For d2: 2.8(t - 5) = 75 implies t = 31.8 minutes.

ii. Catch-up time: 2.5t = 2.8(t - 5) implies t = 46.7 minutes.
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On Your Own

Review
31

Evaluate each expression if x = 1, y = 3, a = –1, and b = 2.

a. a2x + b3y
b. a2(x + by)
x3(y + 1)
c. _
32

by + a3

A random sample of 100 students is chosen to survey about lunch
preferences.

Unit 1

25 say their first choice is pizza.
30 say their first choice is chicken nuggets.
15 say their first choice is salad bar.
20 say their first choice is tacos.
10 say their first choice is subs.
If the entire school population is 1,500 students, how many students
can you predict will have pizza as a first choice?

33

Estimate the measure of each angle. Check your estimates with a
protractor.

!

34

"

#

The dot plot below indicates the number of students in the 40
first-hour classes at Lincoln High School.

8aVhhH^oZ

 

a.
b.
c.
d.

What was the smallest class size?
What was the largest class size?
What percent of the classes had 30 students in them?
What percent of the students had fewer than 25 students in them?

LESSON 3 • Tools for Studying Patterns of Change
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On Your Own

Review
a. 25
b. 7
c. 0.8

33

1
Twenty-five out of 100 students, or ᎏ4 of the sample, prefer pizza. You
1
would predict that ᎏ4 · 1,500 = 375 students would have pizza as their
first choice.

33

Student estimates may vary slightly. Actual angle measures are
approximately as follows:

Unit 1

31

m∠A = 75°
m∠B = 120°
m∠C = 45°

Just in Time
34

a.
b.
c.
d.

15 students
34 students
20%
10%
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On Your Own

Unit 1

35

Consider the triangles drawn below. Assume that angles that look like
right angles are right angles and that segments that appear to be the
same length are the same length.

a.
b.
c.
d.
e.
f.
36

Identify all acute triangles.
Identify all obtuse triangles.
Identify all isosceles triangles.
Identify all scalene triangles.
Identify all equilateral triangles.
Identify all right triangles.

The lengths of the sides of a triangle are 4, 5, and 6 inches. These
sides are scaled up by multiplying by a factor so that the length of the
longest side of the new triangle is 10 inches.

a. What is the scale factor?
b. What are the lengths of the two shorter sides of the new triangle?

68
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On Your Own
35

36

a.
b.
c.
d.
e.
f.

A, D, E, I, J
C, F, H
A, D, F, G, I, J
B, C, E, H
D, I

1

Patterns of Change

冠
冠

Name ____________________________
Date _____________________________

B, G

LESSON 3 QUIZ
Form A
1. You have been asked to baby-sit during a local community meeting. You will get paid
$10 plus $1.50 extra for each child that you baby-sit.
a. What will your pay be if you baby-sit 12 children? Show your work.
Pay:

冹
冹

10
2
4ᎏ
6 = 6ᎏ
3 inches
10
1
5ᎏ
6 = 8ᎏ
3 inches

b. Write a rule relating your pay P, in dollars to the number of children N that you baby-sit.
Rule:

2. The ﬁgure below is a square.

a. Use a ruler to make measurements needed to estimate the perimeter and area of the square. You
should use inches for your measurements. Show your work.
Perimeter:

Area:

b. For any square, what is the minimum number of measurements needed to determine the
perimeter and area of the square? What are the required measurements?

c. What formula shows how to calculate perimeter P of a square from the measurements
described in Part b?
P=

Assessment Master • use after Lesson 3
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c.

Assessment Masters 45–51.
UNIT

ᎏ
a. 10
6

b.

Teaching Resources

Looking
Back

N

L

ESS O

4
I

Unit 1

n your work on problems and explorations of this
unit, you studied many different patterns of change in
variables. In some cases, the aim was to describe and
predict patterns of change in a dependent variable that are
caused by change in values of an independent variable. In
other cases, the goal was to describe and predict patterns of
change in values of a single variable with the passage of time.
For example:
For each weight attached to a bungee cord, there
was a predicted stretched length for the cord.
For each year after the census in 2001, there was a
predicted population of Alaskan bowhead whales.
For each possible price for a bungee jump at Five Star Amusement
Park, there was a predicted daily income from the attraction.
In mathematics, relations like these—where each possible value of one
variable is associated with exactly one value of another variable—are
called functions. The use of the word “function” comes from the
common English phrase that appears in statements like “cord stretch
is a function of attached weight” or “average speed for the Iditarod
Sled Race is a function of time to complete the race.”
Many functions of interest to mathematicians have no particular
cause-and-effect or change-over-time story attached. The only
condition required for a relationship to be called a function is that
each possible value of the independent variable is paired with one
value of the dependent variable.
As a result of your work on Lessons 1–3, you should be better
able to:
• recognize situations in which variables are related in predictable
ways,
• use data tables and graphs to display patterns in those
relationships,
• use symbolic rules to describe and reason about functions, and
• use spreadsheets, computer algebra systems, and graphing
calculators to answer questions about functions.
The tasks in this final lesson of the Patterns of Change unit
will help you review, pull together, and apply your new
knowledge as you work to solve several new problems.
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Looking
Back
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4

T

Unit 1

his lesson includes tasks intended to provide review and
practice of key ideas developed throughout the unit. Summary
questions are designed to stimulate student articulation of the key
principles and techniques.
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1

Five Star Swimming In addition to bungee jumping and rides
like roller coasters and a Ferris wheel, Five Star Amusement Park has
a large lake with a swimming beach and picnic tables.
Every spring when the park is preparing to open, lifeguards at the
beach put out a rope with buoys outlining the swimming space in the
lake. They have 1,000 feet of rope, and they generally outline a
rectangular swimming space like that shown below.
When working on this task one year, the lifeguards wondered
whether there was a way to choose dimensions of the rectangular
swimming space that would provide maximum area for swimmers.

Unit 1

Y

X





a. Complete entries in a table like this, showing how dimensions of
the swimming space are related to each other. Then write a rule
giving y as a function of x.
Width x (in feet)

50

100 150 200 250 300 350 400 450

Length y (in feet)

b. One of the lifeguards claimed that the rule in Part a can be used
to write another rule that shows how area A of the swimming
space depends on choice of the width x. She said that
A = x(1,000 – 2x) would do the job. Is she right? How do
you think she arrived at this area rule?

c. Use the area function in Part b and strategies you have for
reasoning about such relationships to answer the following
questions. To show what you’ve learned about using different
tools for studying functions:
• Answer one question by producing and scanning entries in a

table of values for the area function.
• Answer another question by producing and tracing

coordinates of points on a graph of the function.
• Then answer another question using a computer algebra

system equation solver.
When you report your results, explain your strategies as well.

i. What dimensions of the swimming space will give maximum
area? What is that area?

ii. What dimensions will give a swimming area of 100,000
square feet?

iii. What dimensions will give a swimming area of 50,000 square
feet?
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INSTRUCTIONAL NOTE Students have been calculating areas of rectangles since
early in middle school, so they will generally be quite comfortable with the basic
A = bh formula. What will not be so comfortable is thinking about how a fixed
perimeter can be associated with rectangles of wildly different area. There seems
to be a natural instinct to believe that once the perimeter of a rectangle is known,
the area must be determined as well.

1

a. Width (in feet) x
Length (in feet) y

Unit 1

Since the goal of this Looking Back task is to focus on properties of a simple
quadratic function, we would not want students to be stalled by inability to recognize
that varying x directly affects variation in y and in the area of the swimming region.
You might want to launch this investigation by a physical demonstration of the
situation. This could be done using a rope made into a loop. Four students could
hold the fixed perimeter corners of various rectangles. Areas could be compared
visually. Be prepared to monitor student work to be sure they realize this critical
aspect of the task.
50

100

150

200

250

300

350

400

450

900

800

700

600

500

400

300

200

100

Rule: y = 1,000 - 2x

b. She is correct. The area of a rectangle is the product of its length and
width. In this case, A = xy. However, in Part a it was established that
y = 1,000 - 2x. Therefore, by substitution, A = x(1,000 - x).

c. i. The maximum area of 125,000 square feet can be made using a

length of 500 feet and a width of 250 feet. This can be found by
scanning tables or graphs of the area function A = x(1,000 - 2x).

ii. The areas can be found by scanning tables or graphs of the area
function or by solving 100,000 = x(1,000 - 2x).
Width (in feet)

iii.

Length (in feet)

Area (in ft2)

360

280

100,000

140

720

100,000

Width (in feet)

Length (in feet)

Area (in ft2)

445

110

50,000

55

890

50,000
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Borrowing to Expand When the Five Star Amusement Park
owners decided to expand park attractions by adding a new giant
roller coaster, they borrowed $600,000 from a local bank. Terms of
the bank loan said that each month interest of 0.5% would be
added to the outstanding balance, and the park would have to
make monthly payments of $10,000. For example, at the end
of the first month of the loan period, the park would owe
600,000 + 0.005(600,000) – 10,000 = $593,000.

a. Make a table showing what the park owes the bank at the end of
each of the first 12 months.

b. Write a NOW-NEXT rule that shows how the loan balance changes

Unit 1

from one month to the next.

c. Use a calculator or spreadsheet strategy to find out how long it will
take to pay off the loan.

d. Plot a graph showing the amount owed on the loan at the end of
months 0, 6, 12, 18, … until it is paid off. Describe the pattern of
change in loan balance over that time.

3

Setting the Price Because Five Star managers expected the new
roller coaster to be a big attraction, they planned to set a high price
for riders. They were unsure about just what that price should be.
They decided to do some market research to get data about the
relationship between price per ride and number of riders that would
be expected each day.
a. Complete a table that shows how you believe the number of riders
will depend on the price per ride. Explain the pattern of entries you
make and your reasons for choosing that pattern.
Price per Ride
(in dollars)

0

5

10

15

20

25

30

35

Number of
Riders

b. Add a third row to the table in Part a to give the predicted income
from the new roller coaster for each possible price per ride. Then
plot the (price per ride, income) data and describe the pattern of
change relating those variables.

c. Estimate the price per ride that will give maximum daily income.
d. What factors other than price are likely to affect daily income from
the roller coaster ride? How do you think each factor will affect
income?

LESSON 4 • Looking Back
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2

It would be efficient to use a spreadsheet for this task.

a.

Month

Amount Owed

Month

Amount Owed

1

$593,000.00

8

$543,010.14

2

$585,965.00

9

$535,725.19

3

$578,894.83

10

$528,403.82

6

$557,471.49





7

$550,258.84

71

$5,112.45

b. NEXT = NOW + 0.005 · NOW - 10,000 or
NEXT = 1.005 · NOW - 10,000, both starting at $600,000.

Unit 1

c. One final payment of only $5,112.45 at the end of month 71 should
pay off the loan.

d. A plot of the loan balance amounts at the end of
six-month periods will show a rather steady
decline in the outstanding balance, with some
acceleration near the end of the loan period.

3

Responses to Part a will determine the remaining results. The sample
responses below are used to answer the other questions.

a. Price per Ride (in dollars)
Number of Riders

0

5

10

15

20

25

30

35

500

430

360

290

220

150

80

10

The pattern shows a decrease in the number of riders at a constant
rate—about 70 for every $5 increase in price per ride. It seemed logical
to conclude that the higher the price, the fewer the number of riders.
(Some students may argue that to a certain extent, a higher price may
attract riders because they think an expensive ride must be worth
the price.)

b. Price per Ride (in dollars)

0

5

10

15

20

25

30

35

Number of Riders

500

430

360

290

220

150

80

10

Income (in dollars)

0

2,150

3,600

4,350

4,400

3,750

2,400

350

The income seems to rise at a decreasing rate to a certain point and
then decrease at an increasing rate. It appears to be a similar shape as
the y = -x2 + b family of graphs studied earlier.

c. Maximum income seems to occur at a price per ride of about $15–$20.
d. Other factors affecting daily income may include weather, advertising
of the attraction, and other marketing issues. One important factor will
be whether or not people are enjoying the ride. If people are enjoying
the ride, others will want to take part in the fun, sometimes regardless
of the price. The opposite can happen, as well; if people are not
enjoying the ride, then others will not want to attempt it, even though
it may be inexpensive to participate.
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Without using a graphing calculator or doing any calculation of (x, y)
values, match each of the following functions with the graph that best
represents it.

Unit 1

a. y = –0.5x – 4

4
c. y = _
x

b. y = x2 – 4

III

II

III

IV

d. y = (1.5x)

Summarize
the Mathematics
When two variables change in relation to each other, the pattern of change often fits
one of several common forms. These patterns can be recognized in tables and
graphs of (x, y) data, in the rules that show how to calculate values of one variable
from given values of the other, and in the conditions of problem situations.
a Sketch at least four graphs showing different patterns relating change in two variables or
change in one variable over time. For each graph, write a brief explanation of the
pattern shown in the graph and describe a problem situation that involves the pattern.

b Suppose that you develop or discover a rule that shows how a variable y is a function of
another variable x. Describe the different strategies you could use to:
i. Find the value of y associated with a specific given value of x.
ii. Find the value of x that gives a specific target value of y.
iii. Describe the way that the value of y changes as the value of x increases or
decreases.
iv. Find values of x that give maximum or minimum values of y.
Be prepared to share your ideas and reasoning with the class.

Check Your Understanding
Write, in outline form, a summary of the important mathematical concepts
and methods developed in this unit. Organize your summary so that it can
be used as a quick reference in future units and courses.
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a.
b.
c.
d.

Teaching Resources

Graph IV
Graph II
Graph I
Graph III

Transparency Master 52.
UNIT

1

Patterns of Change

Summarize
the Mathematics

When two variables change in relation to each other, the
pattern of change often ﬁts one of several common forms.
These patterns can be recognized in tables and graphs of (x, y)
data, in the rules that show how to calculate values of one
variable from given values of the other, and in the conditions
of problem situations.

Summarize

a Sketch at least four graphs showing different patterns relating
change in two variables or change in one variable over time.
For each graph, write a brief explanation of the pattern shown
in the graph and describe a problem situation that involves the
pattern.

b Suppose that you develop or discover a rule that shows how a

the Mathematics

variable y is a function of another variable x. Describe the
different strategies you could use to:
i. Find the value of y associated with a speciﬁc given value of
x.
ii. Find the value of x that gives a speciﬁc target value of y.
iii. Describe the way that the value of y changes as the value
of x increases or decreases.
iv. Find values of x that give maximum or minimum values
of y.
Be prepared to share your ideas and reasoning with the class.
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Transparency Master • use with page 72

a Here are some of the patterns encountered in the unit, with typical
graph shapes and stories of the sort that led to those graph patterns.
i. This graph increases at a constant
rate. Joe receives a $10 per month
base allowance plus $0.50 for
every chore he does. So, his total
monthly allowance is a function of,
or depends on, the number of
chores he does.
ii. This graph increases at an
increasing rate. A stockbroker,
Chris, has found a system that
doubles a $2,000 investment
every year. The graph shows the
dollar value of that investment
as a function of the number of
years since the initial investment.
iii. This graph decreases at a
decreasing rate. The amount
of time it takes to finish the
Kingsbury 500 Scooter Race
depends on the racer’s speed.

iv. This graph increases at a decreasing
rate, reaches a maximum value and
then decreases indefinitely at an
increasing rate. The graph could
represent the income in dollars
from the sales of notebooks in a
school store as a function of the
price charged per notebook.
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Student responses will vary, but it is important that key
mathematical concepts are discussed and recorded by each
student. The following is one possible set of responses.

Unit 1

b
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i. Substitute the given x value in the rule and evaluate it. The result
will be the y value. One could also go to a table of values and find
the y value that corresponds with the given x value. One could
also trace a graph of the function to the point where the specified
x value is the approximate coordinate for a point with the y value
you are looking for. In a computer algebra system, the evaluation
of an expression for given value of the variables involved will look
something like this: (3x^2-5x)|x=2.
ii. You could substitute the y value and solve the resulting equation
for x. A table of values could also be used by finding the given
y value in the table and viewing the corresponding x value(s). A
similar strategy could be used in tracing a graph, looking for
points with y-coordinates of interest and reading off the
corresponding x-coordinate.
Using a computer algebra system, the required equation can be
solved by entering instructions like this: solve (3x^2-5x=8,x).
iii. One could view a graph of the rule and decide whether the rate of
change is constant. It is also important to note whether the graph
is increasing or decreasing on certain intervals. Lastly, it might be
possible to tell whether the rates of change themselves are
increasing or decreasing. This may be evident on the graph if the
graph is increasing or decreasing more quickly as you move out
from the y-axis. Similar information can be obtained by scanning
the pattern of x and y values in a table of values for the function.
iv. One could use the “trace” or “maximum” tools on a graphing
calculator. A detailed table of values might also be used to decide
which x values give the largest y value(s).

Teaching Resources

Check Your Understanding

Student Masters 53–54.

You may wish to have students use the Teaching Master, Patterns of Change
Unit Summary, to help them organize the information. Above all, this should be
something that is useful to the individual student.

UNIT

1

Patterns of Change

UNIT SUMMARY
In this unit, you developed skill in recognizing patterns of change in variables, in representing those
patterns with tables, graphs, and symbolic rules, in describing the patterns of change in words, and in
using tables, graphs, and rules to solve problems.
Sketch graphs of four different patterns of change. For each graph:
• Explain in words how the value of y changes as the value of x changes.
• Describe a problem situation in which the pattern of change is likely to occur.
• Give an example of the type of symbolic rule you would expect to represent it.
I

II

y

Practicing for Standardized Tests

y

x

x

As the value of x increases, the value of y

As the value of x increases, the value of y

Problem Situation:

Problem Situation:

Rule:

Rule:
y

III

y

IV

x

x

As the value of x increases, the value of y

As the value of x increases, the value of y

53
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Each Practicing for Standardized Tests teaching master presents ten questions
that draw on all content strands. The questions are presented in the form of test
items similar to those that often appear in standardized tests such as state
assessment tests, the Preliminary Scholastic Aptitude Test (PSAT), or the ACT
PLAN. We suggest using these practice sets following the unit assessment so
students can become familiar with the formats of standardized tests and
develop effective test-taking strategies for performing well on such tests.
Answers are provided below.
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Student Master

Student Masters 73–74.

Answers to Practice Set 1
1. (a)
6. (d)

2. (b)
7. (b)

3. (d)
8. (d)

UNIT

4. (c)
9. (c)

5. (b)
10. (e)

1

Patterns of Change

PRACTICING

STANDARDIZED TESTS

FOR

Practice Set

Solve each problem. Then record the letter that corresponds to the correct answer.
1. If N is an odd integer, which of the following numbers is also an odd integer?
(a) N × N

(b) N + N

(c) 3N - 1

(d) N - 1

(e) N + 5

2. A T-shirt sells for $18 in a retail store. If this price is 120% of the wholesale price, what is the
wholesale price?
(a) $14.40

(b) $15.00

(c) $16.00

(d) $16.20

3. Which of the following ﬁgures is the result of a
half-turn about point T of the ﬁgure at the right?

(a)

(e) $21.60

T

(b)

(c)
T

T

T

(d)

(e)
T

T

4. The population of Country X is growing at 3% per year. Which of the following does not correctly
indicate the change in population from one year to the next.
(a) NEXT = 1.03 · NOW

(b) NEXT = NOW + 0.03 · NOW

(c) NEXT = 0.03 · NOW

(d) NEXT = NOW + 0.05 · NOW - 0.02 · NOW

5. In a quadrilateral, two of the angles have a measure of 90° each. The measure of a third angle is
100°. What is the measure of the remaining angle?
(a) 70°

(b) 80°

(c) 170°

(d) 190°

(e) 280°

6. If a > 0 and b < 0, which of the following must be negative?
I.
(a) I only

ab

II.

(b) II only

a
__
b

III.

(c) III only

a-b

(d) I and II

(e) All of them
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Assessment Masters 55–72.
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Name ____________________________
Date _____________________________

UNIT TEST
Form A

1. The ﬁgures below show growth in a pattern of geometric ﬁgures.

Figure 0

Figure 1

Figure 2

Figure 3

a. Complete the table below to indicate the number of square tiles that would be needed to make
each ﬁgure.
Figure Number F

0

1

2

3

Number of Square Tiles N

b. Think about how the ﬁgures change as you move from one ﬁgure to the next and look at the
table of values in Part a. Write a rule using NOW and NEXT that indicates how the number of
tiles changes from one ﬁgure to the next.
NEXT =

, starting at

Explanation:

c. Circle the rule that indicates how the number of tiles N depends on the ﬁgure number F.
N = 7F

Assessment Master

N=7+F

N = 7F

7

N = __F
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